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E. C. G. Sudarshan and the quantum mechanics of charged-particle

beam optics

Sameen Ahmed Khan

E. C. G. Sudarshan had a multifaceted personality with immense contributions to diverse areas of physics.
One of his contributions not widely known is to do with the emerging field of ‘quantum mechanics of
charged-particle beam optics’. The present note elaborates on the origins and the development of this

emerging field.

E. C. G. Sudarshan had a multifaceted
personality with immense contributions
to diverse areas of physics'?. His contri-
butions to particle physics and quantum
theory are part and parcel of standard
textbooks in physics. His innovative dis-
coveries in the field of quantum optics
(such as the optical equivalence theorem,
which provides the foundation on which
the investigations of the manifestly quan-
tum or non-classical character of the
electromagnetic field are based) are well
known. One of his contributions not as
widely known is to do with the emerging
field of ‘quantum mechanics of charged-
particle beam optics’. The present note
elaborates on the origins and develop-
ment of this emerging field.

In a series of papers starting in 1983,
Mukunda et al.® had established, using a
group theoretical approach, Fourier op-
tics for the Maxwell field which genera-
lizes the paraxial scalar wave optics to
paraxial Maxwell wave optics, consis-
tently taking into account polarization of
light. When Sudarshan became the Di-
rector of the Institute of Mathematical
Sciences (IMSc), Chennai (1985-1990),
Jagannathan, then a junior faculty mem-
ber of the Institute, started to assist him
in teaching a course on quantum mechan-
ics to Ph D students at IMSc. Jaganna-
than used to take down notes of
Sudarshan’s lectures and whenever the
latter was absent for a few days, Jagan-
nathan filled the gap by his own lectures
on the topic starting from where Sudar-
shan had left it. When Sudarshan re-
turned, he continued the lectures from
where Jagannathan had left. Jagannathan
used to write down the notes of his lec-
tures on the left side of a notebook in
which Sudarshan wrote down the notes
of his lectures on the right side. During
the course of this collaboration, Sudar-
shan suggested to Jagannathan to study
the group theoretical aspects of electron
optics based on the Dirac equation, with

the aim to extend the traditional nonrela-
tivistic scalar wave theory of electron op-
tics to a Dirac spinor wave theory taking
into account the spin of the electron ana-
logous to the way they had extended the
scalar light optics to the Maxwell vector
optics taking into account the polariza-
tion of light. Jagannathan had the expe-
rience of studying the group theoretical
aspects and physical applications of ge-
neralized Clifford algebras, which are
generalizations of the algebra of Dirac
matrices, for his Ph D thesis. A literature
search led to a surprise: electron optics,
or in general, charged-particle optics,
used in beam devices from electron mi-
croscopes to large particle accelerators,
was based essentially on classical me-
chanics and classical electrodynamics.
Of course, in electron microscopy, image
formation was understood based on the
nonrelativistic Schrédinger equation, and
electron spin and the Dirac equation
were not mentioned at all. In accelerator
physics, topics like synchrotron radiation
were treated using quantum field theoret-
ic techniques, but the design and opera-
tion of the accelerator beam elements
were based only on classical mechanics
and classical electrodynamics. So, a
study programme was started from
scratch to understand the quantum me-
chanics of electron optics based on the
Dirac equation. The very first result from
this study was the derivation of the
focusing action of a round magnetic lens,
the central part of any electron micro-
scope, ab initio using the Dirac equation
by Jagannathan e al®  Sudarshan
encouraged Jagannathan to continue the
study further in this direction and a sub-
sequent paper by the latter still serves as
the blueprint for the quantum mechanics
of charged-particle beam optics’.

When I became a Ph D student of
Jagannathan in 1992, he suggested that I
look into extending their work on the
quantum theory of electron optics, based
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on paraxial approximation, to aberrating
systems using the Heisenberg and inte-
raction pictures, which should enable
going beyond the paraxial approxima-
tion. Closely following Jagannathan’s
1990 blueprint’, the quantum theory of
electron optical aberrations was devel-
oped using the Klein—Gordon and Dirac
equations respectively®’, with applica-
tions in both electron microscopy and
accelerator optics. It was further shown
that the quantum framework delivers a
unified theory of the beam optics and
spin dynamics of a Dirac particle, taking
fully into account the anomalous magnetic
moment. The paraxial limit of this appro-
ach readily leads to the beam-optical
version of the Thomas—Bargmann—
Michel-Telegdi (Thomas—-BMT) equa-
tion®. These works eventually led to the
first doctoral thesis on the subject of
quantum theory of charged-particle beam
optics under the supervision of Jaganna-
than’.

The understanding of the quantum
theory of charged-particle beam optics
initiated by Sudarshan and co-workers,
and carried forward by Jagannathan had
a decisive influence on the prescriptions
of light beam optics using ‘quantum
methodologies’. The Helmholtz equation
governing scalar optics is algebraically
similar to the Klein-Gordon equation'®"2.
The beam optical Hamiltonian derived
from an exact matrix representation of
Maxwell’s equations also has the alge-
braic structure of the Dirac equation'.
This beam optical Hamiltonian governs
the vector optics. The great similarities
in the underlying mathematical structures
of the two systems ensure that we
can use the powerful machinery of relati-
vistic quantum mechanics. The Foldy—
Wouthuysen transformation technique is
crucial in both the cases. The beam-
optical Hamiltonians thus obtained natu-
rally have wavelength-dependent compo-
nents in both the scalar'®'? and vector'**

1813



HISTORICAL NOTES

cases. In the limit of low wavelength,
non-traditional prescriptions of Helm-
holtz optics and Maxwell optics lead to
the traditional descriptions of light-beam
optics. This corresponds to taking the
classical limit of quantum prescriptions.
Furthermore, in the vector case, it leads
to a unified prescription of beam optics
and light polarization'*"®. The afore-
mentioned formalisms extend Hamilton’s
optical-mechanical analogy into the
wavelength-dependent regime'”. Some of
these historical aspects were touched
upon during the United Nations-
designated ‘2015 International Year of
Light and Light-based Technologies’'®.
The non-traditional prescriptions of
Helmholtz optics and matrix formulation
of Maxwell optics using quantum metho-
dologies are among the 30 research
summaries selected for ‘Optics in 2016’
by the Optical Society of America,
highlighting the most exciting peer-
reviewed optics research to have
emerged during that year'’.

This is a brief account of how Sudar-
shan’s suggestion led to the emerging
field of ‘quantum mechanics of charged-
particle beam optics’, and how it further
influenced new formalisms of light-beam
optics. A book by Jagannathan and the
present author on the quantum mechanics

of charged-particle beam optics is under
way?.
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