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The aim of the present study is to examine the bearing 
capacity of a spatially variable, unsaturated fly ash 
deposit, based on finite element limit analyses. Strength 
nonlinearity of fly ash, arising due to partial satura-
tion, has been modelled based on the well-known van 
Genuchten (vG) fitting parameters, obtained from the 
water retention characteristics curve (WRCC). For 
the probabilistic study, WRCC fitting parameters and 
angle of internal friction of the fly ash deposit have 
been considered as stationary Gaussian random fields 
within a practicable range of coefficient of variation 
and anisotropic correlation lengths. Random field has 
been generated based on the Karhunen–Loeve expansion 
method. Adequate numbers of Monte-Carlo simula-
tions have been executed to evaluate the probabilistic 
distribution of the bearing capacity, considering 
strength nonlinearity as well as the random distribu-
tion of the input parameters. Influence of stationary 
spatial variation of WRCC fitting parameters and 
friction angle on the probability of failure of a footing 
resting on the fly ash deposit is presented and obser-
vations are duly explained. The results of this study 
would be useful for practising engineers to design a 
safe fly ash fill and therefore offer a sustainable solu-
tion for the bulk utilization of fly ash in geotechnical 
engineering applications. 
 
Keywords: Bearing capacity, finite element limit anal-
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AN efficient and sustainable solution for disposal of bulk 
volume of fly ash generated by thermal power plants has 
become a challenging task for engineers in the last few 
decades. Fly ash is an industrial waste produced by coal-
based thermal power plants and contains predominantly the 
fused residues of clay minerals present in the coal. Fly 
ash, if not utilized or disposed of properly, may cause  
serious environmental hazards1,2. In recent years, several 
researchers have established the efficacy of fly ash as an 
alternative and sustainable geomaterial for the construc-
tion of embankments, filling of low-lying areas, reclama-
tion of unused sites, etc.1,3–5. Moreover, in 2015 alone, 

coal-based energy sources supplied 29% of the energy 
globally. Despite the increase in the use of renewable 
energy sources, coal is anticipated to remain the chief 
source of energy till 2035, with a total global energy 
share of 24% (ref. 6). Consequently, a large volume of 
unutilized fly ash would be generated and therefore, bulk 
utilization of fly ash in geotechnical engineering applica-
tions may provide a promising solution for its bulk dis-
posal. 
 Bearing capacity is the key design parameter to be con-
sidered while establishing the suitability of fly ash in 
geotechnical engineering applications, as an alternative to 
natural soil. Majority of the surface or near-surface soils 
on earth are partially saturated owing to various variable 
environmental and geo-hydrological conditions. Under 
partially saturated state, the strength of a geomaterial is 
substantially affected due to negative pressure (suction) 
arising due to the presence of a contractile skin and the 
capillary action of water7. The relative proportion and 
distribution of pore-air and pore-water pressure plays a 
vital role in altering the intergranular contact stresses be-
tween the particles within the soil matrix. Fredlund and 
Morgenstern7 have attempted to model the mechanical 
behaviour of partially saturated soil by introducing two 
independent stress state variables, i.e. net normal stress 
(σ – ua) and matric suction (ua – uw = ψ), where σ is the 
normal stress, ua the pore-air pressure, uw the pore-water 
pressure and ψ is the matric suction. The shear strength 
constitutive equation for an unsaturated soil, therefore, 
may be modified in terms of two independent stress state 
variables as8 

 
 a a w( ) tan ( ) tan ,f f f f bc u u uτ σ φ φ′ ′= + − + −  (1) 

 
where τf is the shear strength, c′ the true effective cohe-
sion, σf the normal stress, (σf – ua)f the net normal stress 
on the failure plane at failure, (ua – uw)f the matric suction 
at failure, φ ′ the effective friction angle and φb is the suc-
tion angle representing the variation of shear strength 
with matric suction. 
 Furthermore, several researchers have addressed the 
problem of bearing capacity of shallow strip footing by 
introducing two independent stress state concepts9–11. 
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With subsequent advances in research, the inherent  
limitation of independent stress variable concepts has 
been reported as it failed to satisfactorily predict the me-
chanical behaviour of unsaturated soil for suction value 
higher than its air-entry value (AEV)12. To account for 
the strength nonlinearity of the geomaterials with matric 
suction, Vanapalli and Mohamed13 incorporated water re-
tention characteristics curve (WRCC) parameters into the 
bearing capacity equation. Substantial effort has been 
made by researchers to study the influence of matric suc-
tion on the bearing capacity of a shallow strip foundation 
based on various empirical and semi-empirical approach-
es12–17. Vahedifard and Robinson12 developed a closed-form 
method to estimate the bearing capacity of shallow strip 
footing overlying an unsaturated soil deposit by adopting 
the van Genuchten18 WRCC fitting parameters based on a 
‘total cohesion’ concept. Oh and Vanapalli19 obtained the 
pressure–settlement relation of an unsaturated cohesive 
soil by extending the total stress approach and using 
modified engineering parameters based on WRCC.  
 Conventionally, WRCC is obtained by fitting a prescri-
bed parametric model to the limited number of test data 
available20. The limited number of test data and model se-
lection uncertainty make the evaluation of WRCC fitting 
parameters a challenging task. Therefore, a deterministic 
estimation of WRCC fitting parameters with sufficient re-
liability is difficult. Furthermore, an accurate determina-
tion of WRCC parameters is restrained due to inherent 
inadequacy of instruments to measure a large range of 
matric suction. Measurement of a large set of data to en-
hance the accuracy increases the cost as well as duration 
of the project. Due to the aforementioned limitations, ac-
curate determination of WRCC parameters of a geoma-
terial is seldom possible. Furthermore, deterministic 
analyses based on a single set of WRCC parameters are 
highly questionable. In addition, when fly ash is used in 
geotechnical engineering applications as a structural fill, 
accurate determination of its engineering parameters is 
vital while designing a shallow foundation over such a 
deposit. Engineering properties of fly ash are highly uncer-
tain in nature and depend on several factors such as boiler 
condition, quality of coal, source of collection of the fly 
ash sample, etc. Therefore, bearing capacity analysis of 
shallow foundation over an unsaturated fly ash deposit 
based on deterministic framework may not yield a relia-
ble solution. The properties of the fly ash may also vary 
spatially due to improper compaction and poor control 
over placement of the fly ash fill. Recently, several re-
searchers have shown growing interest in performing a 
random field theory analysis by assuming spatially vary-
ing environmental and hydrological properties21 as well 
as varying fluctuation in the groundwater table depth22.  
 In view of the aforementioned gaps, the present study 
focuses on the inherent variability of an unsaturated fly 
ash deposit on the overall reliability of the bearing capacity 
of a shallow strip footing. Relative significance of spatial 

correlation lengths and coefficient of variation of van 
Genuchten18 WRCC fitting parameters and angle of inter-
nal friction, on the statistical distribution of bearing capa-
city has been highlighted. For this, the present study 
considers nonlinear finite element limit analyses (FELA) 
with random field theory using Monte-Carlo simulation 
(MCS). For a comparative study and to establish the sig-
nificance of some of the critical parameters, deterministic 
analyses have also been carried out. 

Methodology 

Quantification of suction stress-based engineering  
parameters 

Under partial saturation of the soil matrix, due to the 
complex stress transfer mechanism between the contractile 
skin (air–water interface), an additional stress state is  
developed. Consequently, the shear strength of the soil 
changes with change in its stress state owing to variation 
in the degree of saturation of the soil–pore matrix. To 
quantify the change in shear strength of the soil with  
matric suction, several researchers extended the promi-
nent Mohr–Coulomb (M–C) failure theory to incorporate 
suction stress into the analysis. Conventionally, the rela-
tionship between shear strength and matric suction of a 
geomaterial is linear up to AEV. With further increase in 
matric suction within the transition zone and residual 
zone, shear strength varies nonlinearly with matric suction. 
Figure 1 shows the typical variation of shear strength 
with matric suction for a geomaterial. Consequently, 
based on several laboratory investigations, it was found 
that there exists a direct correspondence between the 
strength nonlinearity of the soil and its inherent WRCC. 
Figure 1 depicts the three major broad regions of WRCC 
and its consequent role on the shear strength envelope for 
a typical soil material. To comprehensively describe the 
shear strength behaviour of an unsaturated geomaterial 
for the entire range of suction, the M–C equation is ex-
tended by incorporating WRCC parameters into it.  
 
 
 

 
 
Figure 1. Typical relationship between shear strength and matric suc-
tion of a geomaterial: (a) water retention characteristic curve and (b) 
strength envelope. 
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 Under partially saturated state, Lu et al.23 extended the 
effective stress expression of Bishop24 as 
 
 a a w( ) ( ),u u uσ σ χ′ = − + −  (2) 
 
 a s( ) ,uσ σ σ′ = − −  (3) 
 
 a e a w( ) [ ( )],u S u uσ σ′ = − + −  (4) 
 
where σ ′ is the effective stress, ua and uw are pore-air and 
pore-water pressure respectively, (ua – uw) = ψ the matric 
suction, χ the Bishop’s effective stress parameter (0 for 
dry and 1 for saturated soil), σs = –χ (ua – uw) is the suc-
tion stress and Se is the effective degree of saturation de-
fined as 
 

 r
e

s r
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S S

S
S S
−

=
−

 (5) 

 
where Sr is the residual saturation, Ss the fraction of water 
filled at full saturation (approximately equal to 1) and S is 
the degree of saturation.  
 Substituting the expression of effective degree of satu-
ration (Se) in eq. (4) yields the expression for effective 
stress of a partially saturated soil. Therefore, M–C shear 
strength for the unsaturated soil gets modified as 
 
 e a w a[ ( ) tan ] ( ) tan .f c S u u uτ φ σ φ′ ′ ′= + − + −  (6) 
 
van Genuchten18 proposed a closed-form method for Se 
based on the fitting parameters obtained from WRCC of a 
geomaterial.  
 

 e
a w

1 ,
1 [ ( )]

m

nS
u uα

⎧ ⎫
= ⎨ ⎬+ −⎩ ⎭

 (7) 

 
where α is the WRCC fitting parameter closely related to 
the inverse of AEV, n the WRCC fitting parameter related 
to the breadth of the pore-size distribution of the geoma-
terial and m is the symmetry parameter, related to n as 
(1 – (1/n)). Substituting the expression of Se into eq. (6) 
yields the extended M–C failure criterion for an unsatu-
rated geomaterial for a large range of matric suction in-
corporating the nonlinearity of strength.  

Problem statement and material parameters 

In the present study, probabilistic bearing capacity, consi-
dering the spatial variation of WRCC fitting curve para-
meters and angle of internal friction, has been evaluated. 
Figure 2 illustrates the schematic of the problem conside-
red in the present study. Numerical analyses have been 
performed under a FELA framework, using the commer-

cially available software package OptumG2. For all nu-
merical analyses, a rigid and rough strip footing of width 
B = 1.0 m has been considered. OptumG2 allows for an 
easy and intuitive modelling of the rigid behaviour of a 
geometry. An in-built option of ‘Rigid’ has been adopted 
from the material database of OptumG2, to simulate the 
rigid behaviour of the footing. A reduction factor of 1.0 
was adopted to simulate a perfectly rough footing. 
 A kinematically admissible failure mechanism has 
been considered to yield the upper bound value of the 
true collapse load in all the analyses. As depicted through 
Figure 2, fly ash deposit of varying thickness has been 
assumed to be overlying natural soil deposit for the ana-
lyses. For in situ conditions, the fly ash deposit may be 
overlying a sand or a clay soil deposit and therefore, for a 
comprehensive study and to accommodate a large range 
of grain-size of soils, two different underlying soils, i.e. 
sand and clay have been considered for the study. The 
unsaturated behaviour of underlying clayey soil and gra-
nular soil has also been given due consideration. The lateral 
and bottom boundaries were fixed by running a number 
of trials so that the plastic zones during analysis do not 
extend up to the boundaries. Both horizontal and vertical 
fixities were applied to the bottom boundary, whereas the 
lateral boundaries were restricted against movement in 
the horizontal direction. The geomaterial within the pro-
blem boundary was discretized using triangular elements 
with upper-bound formulations. For enhancing the accu-
racy of the solution, an in-built function of ‘mesh adap-
tivity’, based on shear dissipation, was adopted. For mesh 
adaptivity, 10,000 start elements were considered. Finally, 
based on mesh sensitivity study, 10,000 elements were 
found to be adequate to satisfactorily model the beha-
viour of the footing. For the sake of brevity, results of 
mesh sensitivity are not presented here. Figure 3 shows 
the final finite element mesh of the system considered in 
this study. 
 For deterministic analyses, Table 1 summarizes the 
various input parameters adopted for both fly ash and 
natural soils (i.e. sand and clay). For fly ash, values are 
adopted from Prakash et al.2, whereas for clay and sand 
 
 

 
 
Figure 2. Schematic of the problem considered in the present study. 
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Table 1. Properties of geomaterials considered in this study for numerical modelling 

 Values 
 

Parameter Fly ash Sand Clay 
 

Constitutive model Mohr–Coulomb Mohr–Coulomb Tresca 
Cohesion (c′) (kPa) 0.1 0.1 – 
Angle of internal friction (φ ′) (°) 34 30 – 
Undrained shear strength (Su) (kPa) – – 44 
vG parameter (α) (kPa–1) 0.032 0.1 0.005 
vG parameter (n) 2.161 4.0 1.8 

 
 

 
 
Figure 3. Finite element mesh of the system with boundary condi-
tions considered in this study. 
 
 
properties have been adopted from Vahedifard and Robi-
nson12, and Wu et al.25 respectively. The M–C failure cri-
terion was assumed to model the elastoplastic behaviour 
of sand and fly ash, whereas Tresca’s failure criterion 
was assumed to model the behaviour of clay.  

Upper-bound finite element limit analysis 

FELA was considered to obtain the upper-bound value of 
the collapse load. It is a powerful tool that conglomerates 
the inherent advantage of finite element discretization 
and brackets the true collapse load within an upper-bound 
and a lower-bound solution. For the present study, an up-
per-bound solution based on kinematically admissible 
failure mechanism was assumed. As already mentioned 
earlier, OptumG2 was used to carry out the analyses.  
 The basic idea behind an upper-bound analysis is that 
under an assumption of compatible mechanism of plastic 
deformation and kinematically admissible failure mecha-
nism, the rate at which the external forces work would 
always be equal to or greater than the internal rate of dis-
sipated energy26. The virtual work expression governing 
the upper-bound failure mechanism may be expressed 
as26,27 
 
 d d d ,

t

i i i i ij ij
A V V

T u A F u V Vσ ε+ ≥∫ ∫ ∫  (8) 

 
where Ti and Fi are surface and body loadings respectively, 

iu  the velocity field kinematically compatible with the 
strain rate field ,ijε  σij 

the actual stress field, and At and 
V are the surface area and volume of the domain respecti-

vely. In FELA, an adaptive mesh refinement technique is 
adopted, which equalizes ∫γmax dA (integral of the maxi-
mum shear strain rate, γmax) over the entire soil domain. 
After several iterations of adaptive refinement, the inten-
sity of maximum shear strain (γmax) is revealed28. In the 
present study, adaptive mesh refinement based on shear 
dissipation has been adopted to reveal the arrangement of 
plastic regions and velocity discontinuities.  

Random field theory 

The influence of inherent spatial variability associated 
with WRCC fitting parameters and angle of internal fric-
tion of fly ash is represented in terms of random field var-
iations described by the mean, coefficient of variation 
(COV) and spatial correlation lengths considering log-
normal distribution. Log-normal distribution has an inhe-
rent advantage that it guarantees a positive output and 
therefore is generally adopted to model the engineering 
properties of soils and rocks. Spatial variation of three 
different critical input parameters (WRCC parameters α, 
n and angle of internal friction φ ') was modelled as log-
normally distributed random fields2. The standard devia-
tion (σlnξ) and mean (μlnξ) of any soil parameter ξ, may be 
derived as  
 

 2
ln ln(1 COV ),ξ ξσ = +  (9) 

 

 2
ln ln

1ln .
2ξ ξ ξμ μ σ= −  (10) 

 
Similarly, the mean (μξ), standard deviation (σξ), median 
and mode of a log-normal distribution may be expressed as 
 

 
2

ln ln
1
2e ,

ξ ξμ σ

ξμ
⎛ ⎞+⎜ ⎟
⎝ ⎠=  (11) 

 

 
2
ln( )e 1,ξσ

ξ ξσ μ= −  (12) 
 
 lnMedian ,e ξ=  (13) 
 

 
2
ln( ln )Mode e .ξμ ξ σ−=  (14) 



RESEARCH ARTICLES 
 

CURRENT SCIENCE, VOL. 122, NO. 5, 10 MARCH 2022 546 

Probability distribution function ( f ) of a random soil para-
meter (ξ) may therefore be expressed as  
 

 

2

2

(ln )

21( ; , ) e .
2

f
ξ

ξ

ξ μ
σ

ξ ξ
ξ

ξ μ σ
ξσ π

⎡ ⎤− −
⎢ ⎥
⎢ ⎥⎣ ⎦=  (15) 

 
 To account for the spatial variation of soil parameters, 
anisotropic correlational lengths were used. Correlational 
lengths are presented in dimensionless forms by norma-
lizing them with respect to the footing width (B) in both 
horizontal (Lx/B) and vertical (Ly/B) directions, where Lx 
and Ly are correlation length in the lateral and vertical  
directions respectively. To generate the random field and 
incorporate spatial variation of each random input para-
meter into the finite element limit analysis, Karhunen–
Loeve (KL) expansion method was used. A total of 1000 
terms in the KL expansion was used. A series of MCS 
was carried out for the assumed statistical properties of 
the input parameters. A sensitivity study was carried out 
to arrive at the number of MCS necessary to obtain the 
probabilistic mean value of bearing capacity with suffi-
cient confidence and the Figure 4 shows results. On the 
basis of the results obtained through sensitivity analysis, 
it may be inferred that the mean value of bearing capacity 
ratio (BCR) (refer eq. (16)) converges to the deterministic 
BCR, for a MCS run exceeding 800. Also, it could be ob-
served that even for 200 or more MCS runs, the differ-
ence in the results were well within ±3% and may be 
adopted for further analysis.  
 Figure 5 presents the framework of the present study.  

Deterministic analysis 

Deterministic analyses were carried out by assuming 
mean values of WRCC fitting parameters and angle of in-
ternal friction of the fly ash deposit (Table 1). Influence 
 
 

 
 
Figure 4. Sensitivity study on the number of Monte-Carlo simula-
tions (MCS) for convergence. 

of fluctuation of groundwater table depth (Dw) and thick-
ness of fly ash deposit (H) on the bearing capacity was 
first evaluated. The threshold thickness of the fly ash de-
posit, beyond which the influence of the underlying soil 
diminishes, was obtained and used for subsequent analyses 
considering spatial variability of the fly ash deposit. The 
varying condition of matric suction due to fluctuation in 
the water table has been exclusively studied and reported 
for two different sub-soils (viz. sand and clay) separately 
based on their different inherent WRCC parameters. An 
upper-bound limit of true collapse load was obtained and 
the results have been presented in terms of a dimension-
less form as BCR defined as 
 

 uBCR ,
p
Bγ

=  (16) 

 
where pu is the upper-bound of true collapse load, γ the 
saturated unit weight of fly ash and B is the width of the 
footing.  
 
 

 
 

Figure 5. Framework of the present study. 



RESEARCH ARTICLES 
 

CURRENT SCIENCE, VOL. 122, NO. 5, 10 MARCH 2022 547

 
 

Figure 6. Variation of BCR with Dw/B for fly ash deposit with and without matric suction (ψ) when it is overlying (a) sand and (b) clay. 
 
 

 
 
Figure 7. Variation of BCR with H/B for fly ash deposit considering 
the underlying sand. 
 

Influence of water table depth on BCR 

In this section we discuss the influence of fluctuation of 
groundwater table depth ratio (Dw/B) on BCR of the foot-
ing. For comparative purposes, influence of groundwater 
table (GWT) fluctuation was incorporated with and with-
out the matric suction (ψ) of the geomaterial above GWT. 
For the analysis, a thickness ratio (H/B) of 0.5 was assu-
med for the fly ash deposit. Figure 6 depicts the variation 
of BCR with Dw/B. 
 It may be observed from the figure that by neglecting 
the matric suction above GWT, BCR of the footing is un-
derestimated. This observation holds good for both sand 
and clay as underlying materials. When Dw/B = 0, matric 
suction is absent, and therefore BCR is same for both the 
cases, with and without suction. However, when unsatu-
ration is considered, BCR increases with Dw/B and reaches 
a maximum value for Dw/B of approximately 1–2. With a 
further drop in GWT, BCR reduces gradually and attains 
a constant value. The BCR behaviour of fly ash overlying 
both clay and sand is observed to be almost identical. 

This could be attributed to the fact that when GWT level 
decrease, the degree of saturation of the soil within the 
influence zone of the footing also decreases. This results 
in an increase in matric suction (refer to Figure 1) and 
subsequently an increase in BCR. However, when GWT 
further decreases, the degree of saturation tends to become 
equal to the residual saturation (i.e. S = Sr). Consequently, 
the contribution of matric suction on the overall bearing 
capacity ceases to exist (refer to eqs (5) and (6)).  

Influence of thickness of fly ash deposit 

Fly ash overlying coarse-grained soil (sand): To compre-
hensively study the influence of thickness ratio (H/B) of 
the unsaturated fly ash deposit on BCR, deterministic 
analyses have been carried out. For all the analyses, Dw/B 
was assumed to be 10 to minimize the influence of GWT. 
For the analyses, four different magnitudes of friction  
angle of sand (φ ′(sand) = 25°, 30°, 35° and 40°) have been 
considered. Figure 7 presents the variation of BCR with 
thickness of the fly ash deposit overlying sand. As evi-
dent from the figure, the influence of the underlying sand 
layer diminishes as the thickness ratio (H/B) exceeds a 
value of more than 2.0 within the range of friction angles 
considered for sand. When H/B is less than 2.0, BCR is 
substantially affected by the friction angle of the underly-
ing soil. From Figure 7, it may be observed that for higher 
friction angle of sand, BCR decreases as the thickness of 
the fly ash deposit increases. On the other hand, for sand 
layer with smaller friction angles, BCR tends to increase 
with increase in the thickness of the fly ash deposit. This 
can be explained by the fact that for lesser thickness of 
the fly ash deposit (H/B < 2.0), the failure mechanism pe-
netrates deeper within the sand layer. Consequently, BCR 
is affected by the friction angle of the underlying soil. 
The influence of the underlying sand layer diminishes for 
fly ash thickness of more than 2.0B.  
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Table 2. Mean, standard deviation and coefficient of variance of input parameters 

 Values 
 

Parameter Mean Standard deviation Coefficient of variance (%) Distribution 
 

vG (1980) parameter (α) (kPa–1) 0.032 0.015 47 Log-normal 
vG (1980) parameter (n) 2.161 0.574 26.5 Log-normal 
Angle of internal friction (φ ′) (°) 34 3.63 10.67 Log-normal 

 
 

 
 
Figure 8. Variation of BCR with H/B for fly ash deposit considering 
the underlying clay. 
 
 
Fly ash overlying fine-grained soil (clay): It may often be 
possible that a fly ash fill is constructed over fine-grained 
soil such as clay. In such a case, the bearing behaviour of 
the footing will be inherently different. This difference in 
the bearing behaviour predominantly arises due to inhe-
rently different water retention characteristics of sand and 
clay. In the present study, five different undrained shear 
strength ratios (cu/γcB = 0.5, 1.0, 2.0 and 3.0, where cu is 
the undrained cohesion and γc is the unit weight of clay) 
have been considered. Figure 8 presents the variation of 
BCR with H/B and (cu/γcB). As depicted in figure, BCR 
tends to attain a constant value for H/B more than 2.0. 
Similar observations were also made for coarse-grained 
soil (Figure 7). Therefore, for a water table depth ratio of 
10B, the influence of the underlying soil on BCR dimi-
nishes for H/B value of 2.0 or more. Hence, for all the 
probabilistic analyses, H/B = 3.0 has been assumed to 
eliminate the influence of the underlying soil on BCR. It 
may be observed that BCR is lower for smaller values of 
undrained shear strength of clay with lesser thickness of 
fly ash deposit. For a constant fly ash thickness ratio, BCR 
tends to increase with increase in the undrained shear 
strength of clay. 

Probabilistic analyses 

In this section, we discuss the effects of spatial variation 
of random parameters on BCR of unsaturated fly ash de-
posit. As discussed before, based on a sensitivity study, 
200 M–C simulations were carried out to obtain the prob-

abilistic distribution of BCR. The KL expansion method 
was used to generate the random field for all the random 
input parameters based on the mean and variance values 
as summarized in Table 2 and adopted from Anand and 
Sarkar29, and Prakash et al.2. As already mentioned the 
influence of the underlying layer is minimal for a thickness 
ratio of more than 2.0; therefore H/B = 3.0 was adopted 
for all the probabilistic analyses to minimize the influ-
ence of the underlying deposit. GWT depth was fixed at a 
constant value of 3.0B for all the analyses. In the present 
study, deterministic stiffness parameters of the fly ash 
deposit have been considered. For random field analyses, 
different combinations of correlational lengths (Lx = 1-5B 
and Ly = 1-5B) were assumed for each random parameter 
for both vertical and horizontal directions. 

Influence of spatial variation of WRCC parameter (α)  

As already discussed, the shear strength of a geomaterial 
under an unsaturated framework substantially depends on 
the magnitude of AEV (or α) of the geomaterial (eqs (6) 
and (7)). Vahedifard and Robinson12 proposed a closed-
form expression for ultimate bearing capacity (qu) of a 
shallow strip footing resting over a variably saturated soil 
media as 
 

u e,AVR AVR av
1 1(1 ) tan ,

2
s

c qq c S N qN BNγφ σ γ
α

⎧ ⎫′ ′= + − + + +⎨ ⎬
⎩ ⎭

  

  (17) 
 
where Se,AVR is the average effective degree of saturation 
within the pressure bulb of the footing, AVR

sσ  the contri-
bution of the average suction stress beyond the air-entry 
pressure, γav the modified average unit weight, q the 
overburden pressure, and Nc, Nq and Nγ are Terzaghi’s30 
bearing capacity factors.  
 However, an accurate and reliable determination of α 
is difficult and bearing capacity analysis based on a single 
value of α may not yield a reliable bearing capacity value. 
Moreover, the value of α may vary spatially due to im-
proper compaction control, and several depositional and 
post-depositional processes. Therefore, we discuss the in-
fluence of spatial variation of α on the statistical distribu-
tion of bearing capacity of the shallow strip footing. The 
van Genuchten18 parametric model was used for model-
ling the unsaturated behaviour of fly ash. While considering 
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Figure 9. Typical spatial variation of α for (a) Lx = 1B and Ly = 1B, (b) Lx = 1B and Ly = 5B, (c) Lx = 5B and Ly = 1B and (d) Lx = 5B and Ly = 5B. 
 
 

 
 

Figure 10. Variation of bearing capacity with various spatial correlational lengths of parameter α : (a) Lx = 1B 
and Ly = 1B, (b) Lx = 2B and Ly = 2B, (c) Lx = 3B and Ly = 3B and (d) Lx = 4B and Ly = 4B. 

 
 
the random statistical variation of α, values of all other 
critical input parameters were kept constant to their mean 
values. As mentioned earlier, to incorporate spatial varia-
tion, different combinations of correlational lengths were 
assumed. Figure 9 demonstrates the typical random fields 
generated for α.  
 The distribution of bearing capacity has been presented 
in terms of a histogram output and a lognormal fitting of 
the bearing capacity of fly ash deposit was obtained. For 
brevity, in Figure 10, probability distribution function 
(PDF) of bearing capacity is shown for only four isotropic 

correlational lengths of α. As can be observed from the 
figure, with increase in the isotropic correlational lengths, 
PDF of the bearing capacity is slightly skewed towards 
the right. It may be mentioned that with increase in the 
isotropic correlational lengths, mean value of the bearing 
capacity shows a slight increase. However, as evident from 
Figure 10, standard deviation shows a substantial increase 
with increase in isotropic correlation length. This can be 
explained by the fact that for small correlational lengths, 
parameters are weakly correlated over the potential failure 
surface. However, fluctuations of the parameters have been 
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averaged to a mean value along the potential failure sur-
face (also known as ‘averaging effect’; for more details 
readers may refer to Cho and Park31). Therefore, for small 
correlational lengths, ‘averaging effect’ was more and 
consequently mean and deviation of the bearing capacity 
distribution of fly ash deposit were less. As the correla-
tional length increases, the ‘averaging effect’ is reduced 
and hence the mean and deviation tend to increase. 
 The probability of failure (Pf) of the footing was eva-
luated as given below. 
 

 1
f

BCR
BCR

,

N
d

i iP
N

=

⎛ ⎞
Θ⎜ ⎟
⎝ ⎠=

∑
 (18) 

 
where BCRd is the deterministic bearing capacity ratio 
assuming mean values of each parameter, BCRi the bear-
ing capacity ratio obtained from the ith MCS, N is the  
total number of MCS runs, Θ is a function which returns 
a value of ‘1’ if the argument is more than unity, else it 
returns ‘0’. Figure 11 presents the variation of Pf with 
isotropic spatial correlational length. For a comprehen-
sive analysis, a wide range of isotropic spatial correla-
tional lengths (Lxy/B = 0.25, 0.5, 1, 2, 3, 4, 5, 10, 20, 30, 
40 and 50) have been considered (where Lxy denotes iso-
tropic spatial correlation length, i.e. Lx = Ly).  
 It may be observed from the figure that for lesser iso-
tropic spatial correlation length, Pf is smaller. This could 
be attributed to the fact that for lesser spatial correlation 
lengths, the preferential weak path of failure becomes 
more circuitous. Therefore, due to the ‘averaging effect’, 
the mean failure path would be identical as in the case of 
a homogeneous fly ash with mean value of its parame-
ters32. Therefore, for smaller isotropic correlation lengths, 
mean of the bearing capacity tends to attain a deterministic 
value and therefore Pf tends to become 50%. The proba- 
 
 

 
 
Figure 11. Variation of probability of failure (Pf) with spatial isotro-
pic correlation length (Lxy/B) of α . 

bility of failure was found to be greater when the spatial 
correlation length was between 0.5 and 5, and may be re-
ferred to as the ‘worst case correlation length’. The 
change in probability of failure in this range of correla-
tion is quite significant. With further increase in correla-
tion length, Pf reduces gradually as the heterogeneity of 
fly ash diminishes and tends to attain a Pf value of 50% 
for larger values of Lxy. To incorporate the influence of 
anisotropy of correlation length in this study, 5 × 5 dif-
ferent anisotropic cases have been considered. For these 
analyses, spatial correlation lengths lying within the 
‘worst case correlation lengths’ are only considered. Fig-
ure 12 presents the variation of Pf with spatial correlation 
lengths in contour form for α. As is evident from the fig-
ure, with an increase in correlation length (for both iso-
tropic and anisotropic), Pf reduces and tends to attain a 
minimum value for higher correlation lengths. 

Influence of spatial variation of WRCC parameter (n)  

Parameter n represents the slope at the inflection point of 
the WRCC curve. It is closely related to the rate of de-
sorption or drying. n also represents the breadth of pore 
size distribution of a geomaterial33 and is inversely re-
lated with the pore-size distribution. Conventionally, its 
value lies between 1.1 and 8.5 for all natural soils18. For 
sand or coarse-grained soil, n would be high compared to 
that of a fine-grained soil23. An accurate measurement of 
n requires collection of a large number of experimental 
data. Moreover, accurate determination of n demands 
proper fitting of the parametric model (such as the van 
Genuchten18 model) to a limited number of test data. In 
view of these limitations, here we discuss the influence of 
uncertainty in n on the bearing behaviour of the shallow 
footing. A random field was generated under finite element 
framework and n was considered as a spatially varying  
 
 

 
 
Figure 12. Contour variation of Pf with anisotropic spatial correlation 
lengths of α . 
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Figure 13. Variation of bearing capacity with various spatial correlational lengths of parameter n: (a) Lx = 1B and Ly = 1B,  
(b) Lx = 2B and Ly = 2B, (c) Lx = 3B and Ly = 3B and (d) Lx = 4B and Ly = 4B. 

 
 

 
 
Figure 14. Variation of probability of failure (Pf) for spatial isotropic 
correlation lengths (Lxy/B) of parameter n. 
 
 
random field parameter with mean and COVn (Table 2). 
Figure 13 presents the PDF of bearing capacity of the fly 
ash deposit due to spatial variation of n.  
 Like the case of α, variation of Pf was obtained for a 
wide range of isotropic correlation lengths for n. Figure 
14 presents the variation of probability of failure with 
correlation length. It may be observed from the figure 
that the influence of n on the probability of failure is 
comparatively insignificant for COVn and correlation 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 15. Contour variation of Pf with anisotropic spatial correlation 
lengths of parameter n. 
 
 

lengths considered in this study. Therefore, based on the 
present observations, it may be hypothesized that the in-
fluence of uncertainty in the random input parameter n 
does not have any significant impact on the probability of 
failure. The initial increase in the probability of failure is 
majorly due to the ‘averaging effect’, as already dis-
cussed earlier.  
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Figure 16. Variation of bearing capacity with various spatial correlational lengths of friction angle φ ′: (a) Lx = 1B and 
Ly = 1B, (b) Lx = 2B and Ly = 2B, (c) Lx = 3B and Ly = 3B, and (d) Lx = 4B and Ly = 4B. 

 
 
 Figure 15 presents the contour variation of Pf with spa-
tial correlation length of n. It may be observed from the 
figure that the probability of failure is relatively high for 
small values of spatial correlation lengths, and attains a 
minimum value for higher correlation lengths. This im-
plies that the increase in homogeneity of fly ash indicates 
an increase in correlation length, and the mean value of the 
bearing capacity tends to attain a specific constant value. 

Influence of spatial variation of angle of internal  
friction (φ′)  

As the angle of internal friction (φ ′) is the most critical 
parameter for a cohesionless fly ash deposit, therefore, in 
this section, the influence of anisotropic spatial variation 
of angle of internal friction on the response of bearing 
capacity of fly ash deposit is discussed. Figure 16 
presents the distribution function of bearing capacity for 
four different isotropic spatial correlation lengths.  
 The figure presents PDFs obtained by considering four 
isotropic spatial correlational lengths (Lxy/B = 1, 2, 3 and 
4). It can be observed that the variance of the bearing  
capacity is less for smaller isotropic correlational lengths. 
On the contrary, for large correlational lengths, the vari-
ance is higher. Moreover, the mean value of bearing capa-
city increases with increase in isotropic correlation lengths. 
This may be mainly attributed to the fact that for small 
correlational lengths, the soil is more heterogeneous and 
the random field generated is more non-uniform. However, 
as the spatial correlational length increases, spatial varia-

tion of φ ′ becomes less and tends to become uniform 
with gradual increase in correlational length. Similar to 
the other parameters, probability of failure for spatial vari-
ation of angle of internal friction was evaluated for various 
isotropic correlation lengths (Figure 17). It can be obser-
ved from Figure 17 that due to heterogeneity arising from 
the spatial variation of angle of internal friction, the pro-
bability of failure fluctuates substantially. It gradually re-
duces with reduction in spatial heterogeneity and tends to 
attain a minimum value for large spatial correlational 
lengths. Figure 18 shows the contour variation of Pf with 
spatial correlation length of friction angle.  
 Next we present the variation of bearing capacity of the 
fly ash deposit considering the spatial variability of the 
WRCC parameters and friction angle of the deposit. The 
bearing capacity was significantly influenced by the spa-
tial variation of these parameters. For each random para-
meter, probability of failure (Pf) was significantly higher 
for smaller correlational lengths. Therefore, if the values 
of the parameters exhibit high variability within small 
ranges of distance, then the probability of a lesser value 
of the bearing capacity of the footing is substantially 
higher. Therefore, if a structural fill exhibits significant 
variability within a short length, then a conservative de-
sign of the footing may be adopted.  

Parametric study 

In the previous sections, the bearing capacity of the fly 
ash deposit was studied for a constant value of mean and 
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COV of the parameters. Although the mean and COV of 
the parameters adopted in the present study are represent-
ative of the values obtained during in situ conditions2, a 
more comprehensive study necessitates accounting for the 
influence of variation in COV of all the three critical input 
parameters (viz. COVα, COVn and COVφ) on the overall 
distribution of the bearing capacity (or probability of 
failure). A parametric variation of COV of all the three 
critical random input parameters was considered in the 
present study and their consequent impacts on the proba-
bility distribution was obtained. For brevity, results are 
presented only in terms of variation of Pf with COV. Five 
different COV values (COV = 10%, 20%, 30%, 40% and 
50%) have been considered for each parameter34–36. All 
other input parameters, geo-hydrological configuration  
 
 

 
 
Figure 17. Variation of probability of failure (Pf) for spatial isotropic 
correlation lengths (Lxy/B) of friction angle φ ′. 
 
 

 
 
Figure 18. Contour variation of Pf with anisotropic spatial correlation 
lengths of friction angle φ ′. 

(i.e. depth of water table) and boundary values (thickness 
ratio) were kept constant.  
 
WRCC parameter (α): Variation of probability of failure 
(Pf) with different COVα values and isotropic correla-
tional lengths was evaluated. Figure 19 presents the re-
sults. Variation of probability of failure with α may be 
explained with the help of eqs (6) and (7). Under an unsa-
turated framework, the shear strength depends signifi-
cantly on WRCC α. Therefore, statistical variation in α 
would most certainly affect the distribution of the bearing 
capacity and therefore, the probability of failure of the 
footing would change. As shown in Figure 19, with an 
increase in COVα, probability of failure increases steeply 
for lower COV values. Then, it increases gradually for 
higher COV values. This may be explained by the fact 
that increase in COVα imparts higher heterogeneity to the 
field. For small values of COVα, the mean bearing capa-
city tends to approach the value considering a homogene-
ous layer and consequently, the probability of failure is 
low. However, as the heterogeneity increases due to in-
crease in COVα, the variance in the distribution of the 
bearing capacity is greater and the mean value of the 
bearing capacity becomes less. This leads to consequent 
increase in the probability of failure of the footing. For 
very high values of COVα, this effect is neutralized and 
consequently, the increase in probability of failure is  
rather gradual. Moreover, it may be noticed that the vari-
ation of probability of failure diminishes with increase in 
the isotropic spatial correlational lengths (Figure 19). 
This may be chiefly attributed to the enhanced homo-
geneity in fly ash with increase in correlational lengths.  
 
WRCC parameter (n): Figure 20 shows the influence in 
the variability of n on Pf. As already shown in eqs (6) and 
(7), under the unsaturated framework, shear strength of a 
 
 

 
 
Figure 19. Variation of Pf with COVα for isotropic spatial correla-
tional lengths. 
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Figure 20. Variation of Pf with COVn and isotropic spatial correlational lengths. 
 
 

 
 

Figure 21. Variation of Pf with COVφ and isotropic spatial correlational lengths. 
 
 
geomaterial is a function of n. Parameter n represents the 
rate of desorption of the geomaterial upon desaturation in 
WRCC. The value of n is generally high for coarse-grained 
soils and low for fine-grained soils. It may be observed 
from Figure 20 that with the increase in COVn, Pf in-
creases due to the widening of the statistical distribution 
of the bearing capacity. A quick quantitative comparison 
between Figures 19 and 20 suggests that the variation of 
Pf due to n is less significant than the variation of α for 
identical ranges of COV values considered. This suggests 
that the variation of BCR is less sensitive to variation in n 
compared to α. 
 

Angle of internal friction of fly ash (φ ′): Figure 21 shows 
the variation of the probability of failure with COVφ. As 
the shear strength and bearing capacity of the geomaterial 
are governed by φ ′, substantial impact on BCR was anti-
cipated due to variation in the distribution of φ ′. It may 

be observed from the figure that for all the COVφ values 
considered in the present study, Pf increases gradually 
with increase in COVφ for all the isotropic correlation 
lengths. Hence from these parametric analyses, it can be 
inferred that the spatial variation of WRCC parameters 
and the strength parameter of the fly ash deposit play a 
significant role on the bearing behaviour of the footing. 

Summary and conclusion 

Deterministic analyses were carried out to obtain the in-
fluence of fluctuation in the groundwater table (Dw/B) and 
thickness ratio (H/B) of a fly ash deposit on the bearing  
capacity. The analyses were carried out for two different 
underlying soils, i.e. sand and clay under an unsaturated 
framework. The threshold thickness and influence of  
matric suction on the bearing capacity were determined. 
A practising civil engineer may find these results helpful 
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while designing a shallow foundation over a fly-ash fill 
that is resting on a clay/sand deposit and subjected to  
varying groundwater table fluctuations. 
 A probabilistic analysis on the bearing capacity of a  
rigid, rough, strip footing on a partially saturated and spa-
tially variable fly ash deposit has also been presented. 
The variability of fly ash parameters was incorporated in 
terms of COV and the spatial anisotropic correlational 
lengths (Lx and Ly). Random field theory was used with 
nonlinear EFLA to obtain the statistical distribution of 
the upper-bound value of bearing capacity, in conjunction 
with M–C simulations. The study may be summarized as 
below. 
 
• Strength nonlinearity of geomaterials arising from 

partial saturation of the pore matrix and its variation 
due to fluctuation in GWT and WRCC parameters 
substantially influence the bearing capacity. The 
present study incorporates a two-layered problem with 
partial saturation behaviour fly ash. 

• Results reported in this study would be beneficial 
while estimating the thickness of fly ash required for 
structural fill under varying fluctuations of GWT and 
for different underlying soils.  

• The present study examines the bearing capacity of 
fly ash deposit considering the random field variation 
(or spatial variation) of WRCC fitting parameters and 
the shear strength parameter. The bearing behaviour 
was substantially sensitive to spatial variation of 
WRCC fitting parameters (α and n) within the range 
of spatial correlation lengths and the statistical values 
adopted. Sensitivity of angle of internal friction on the 
statistical bearing capacity was also found to be sig-
nificant. For increase in spatial correlation lengths 
from 1B to 5B, the percentage reduction in Pf was 
9.78%, 8.11% and 14.7% for α, n and φ ′ respectively.  

• For very small correlation lengths (smaller than 1B), 
due to averaging effect, probability of failure (Pf) was 
small. However, it increased up to a correlational 
length ratio of 1B. Probability of failure decreased 
with increase in spatial correlation lengths for values 
larger than 1B. 

• For each random input parameter, Pf increased with 
increase in the coefficient of variation of the parame-
ters. For small correlational lengths, Pf decreased and 
attained a minima. Influence of COV on bearing capa-
city was most sensitive for angle of internal friction 
and least for WRCC parameter n. For example, for 
Lxy = 1B, the probability of failure varied within the 
range 68–78% for variation in COVφ. For the same 
correlation length Lxy = 1B, Pf varied within the range 
55–60% with COVn. For α (Lxy = 1B), Pf variation 
was in the range 53–67%. 

• For equal increase in the COV values of parameters α, 
n and φ ′, maximum percentage increment in the prob-
ability of failure was 26.7%, 8.1% and 19.13% respec-

tively. Thus, the maximum rate of increase in Pf with 
COV was highest for α, followed by φ ′ and n.  

• Finally, the effects of spatial variations of WRCC para-
meters and strength parameters on the bearing capacity 
of the fly ash deposit would help designers to plan and 
carry out adequate geotechnical engineering investiga-
tions at the project site. 
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