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Magneto-hybrid nanofluid (Al, 05 / Cu —Oil) flow in a porous square enclosure
with Cattaneo-Christov heat flow model-sensitivity analysis
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The rheological behaviour of nanofluids is an important specification that has a substantial impact on the system
performance. The effect of an inclined magnetic field on mixed convection in a square cavity through a porous medium has
been numerically investigated in the current paper. Various levels of thermal conductivity have been maintained on each
wall throughout the system. Additionally, the Cattaneo-Christov heat flow model is influenced in the energy equation. The
conservation equations for primary, secondary, and mass momentum, energy, and nanoparticles with wall boundary
conditions are dimensionless and coupled to proper scaling transformations. To address the dimensionless nonlinear coupled
boundary value problem, a finite-difference computing methodology known as the Harlow-Welch Marker and Cell (MAC)
method is used. The fundamental goal of this research is to look at the rheological behaviour of nanoparticles as base fluids
in the aforementioned effects. The influence of factors on the physical framework such as Richardson number (Ri),
Hartmann number (Ha), Darcy number (Da), Reynolds number (Re), and Prandtl number (Pr) is investigated graphically.
The MATLAB software is used to obtain streamlined and isothermal contours. The findings indicate an enhancement in the
average Nusselt number with an increase in the parameters. Furthermore, the presence of nanoparticles raises the average
Nusselt number for low values of the Reynolds number. The system is analyzed with three convection stages of Richardson
number, and it is also found that for mixed convection, the system holds better results. The obtained outcomes are compared
with well-known existing findings to validate the present work.

Keywords: Mixed convection, Al, 03 / Cu —Oil nanoparticles, Porous medium, Inclined magnetic field, Cattaneo-Christov model

major downsides have been discovered *. At Argonne

Liguid coolant is commonly used to reduce
National when Choi and Eastman?

overheating or increase the rate of heat transfer.
Several more studies of the thermal physical
characteristics of widely accepted liquid coolants that
are used as heat transfer fluids indicate that they have
lower thermal conductivity when compared with solid
metals. Various methods were utilized in the previous
period to significantly enhance heat transfer rates.
There are several ways to increase the efficiency of
heat transfer. One of these methods was to increase
the working fluid's thermal conductivity. Common
fluids for heat transfer, such as water, engine oil, and
ethylene glycol, have low thermal conductivity when
compared to solids. To improve the thermal properties
of conventional fluids for heat transfer, solid particles
with high thermal conductivity were dispersed in the
base fluid. Introducing small solid particles into a
fluid with high thermal conductivity increases the
thermal conductivity of the same fluid. Several
researchers have previously investigated the
feasibility of using these mixtures of solid particles
with sizes ranging from 2 mm to micrometers and

Laboratory,
returned to this area with their suspensions of
nanoscale metallic particles and carbon nanotubes, the
situation changed.

Numerous investigations have attempted to revoke
metal and metal oxide nanoparticles in a variety of
fluids®*. Because of rising energy demands, emerging
technologies recognize the importance of the recent
heat-transferred liquid with superior properties known
as "Nanofluid". A nanofluid is one of the appropriate
maintenance heat transfer enhancement strategies
used in the majority of thermal performance,
including solar collectors, heat exchangers,
biomedical devices, thermal storage, -electronic
component cooling, engine/vehicle cooling, and
nuclear reactor transformers. The utilization of
nanofluids containing multiple nanoparticles provides
a significant thermal performance improvement
greater than that of each base fluid, estimated based
on the particle fraction®. Many scientists have used
various types of nanoparticles to determine the
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coefficient of convective heat transfer flowing
nanofluids through a tube, including Al,0, carbon
nanotubes (CNT), CuO, Cu, Fe,03, Fe30,,
nanodiamond (ND), TiO,, SiO,), silver, SiC, and
zirconia. Hybrid nanoparticles have been utilized to
enhance heat transfer in applications by acting as heat
exchangers because they have significantly better
thermophysical properties than conventional fluids.
Several more studies have extensively studied hybrid
nanofluid introduction due to increased heat transfer
in comparison with nanofluids. In a hybrid nanofluid,
two different types of nanoparticles are suspended in
a base fluid. The current research focuses on such
issues and analyses heat transfer characteristics in
square enclosures. Asadi® had done an experimental
investigation of the CuO-TiO,/water hybrid
nanofluid's portrayal, stability, and dynamic viscosity.

Abu-Nab’ examines the non - linear multi-bubble
framework in Newtonian medium by considering the
bubble-bubble (BB) interplay in a Cu-Al,03/H,0
hybrid nanofluid through the radius of the vapour
bubble. The transient stagnant flow of the hybrid
nanofluid is considered by Khashi et al.® when
thermal radiation is present on an impermeable disk.
He assessed the correlations of the existing hybrid
nanofluids and numerically applied them to the pair of
copper and aluminium oxide with 2% @p,;. He
emphasized  radiative = Cu-Al,03/H,0  hybrid
nanofluid flow toward an EMHD plate: shape factor
effect. Ammar et al.® implemented a two-phase hybrid
nanofluid on mixed convection to simulate the impact
in a wavy lid driven cavity with a localized solid
block. In numerous case studies, he employed hybrid
Al,05 —Cu/water nanofluids. Christopher et al.’
utilized numerical simulation and series solution to
study the effects of Cattaneo-Christov heat flux and
homogeneous-heterogeneous reactions on the hybrid
nanofluids flow over a stretched cylinder. He
used water as the base liquid to dissolve two different
nanoparticles, Al,0; and Cu.Zhang et al.’® have
studied the outcome of heat transfer in melting a
Cattaneo-Christov heat flux rotary flow of gold-
silver/engine oil hybrid nanofluid. A hybrid nanofluid
containing copper-alumina lodgings in the base liquid
water is employed by Khan' to present a model for
3D-axis symmetric flows and heat dissipation. Under
the influence of hot air and Cattaneo-Christov heat
conduction, also known as the (AMH-HNF-TCCHF)
flow model, this flow passes over a biaxial porous
stretching/lowering sheet. Haddad" thought about the

fluid inertia and thermal destabilization in a porous
Brinkman medium. Boundaries that are fixed and free
are both examined. In the heat flux constitutive
equation, he had included the Cattaneo—Christov
theory. Three oxide-based nanofluids (A4l,0; —
TiO, — Si0,) were evaluated numerically, and their
hybrids are suggested by Adriana®®. Usman et al.**
explore the important effects of thermal conductivity
with time dependence and nonlinear thermal radiation
caused by rotating Cu-Al, 05 —water hybrid nanofluid
flow over a 3D stretching sheet. Siddiqui et al.”
describe the trade-off between Cu—Al,05; hybrid
nanofluid scatter stability and heat transport for
various mixing ratios. Saeed™ describes entropy
generation and natural convective heat transfer of an
Al,05/water nanofluid with an elliptic constant
temperature in a tilted enclosure as follows: Making
use of magnetic fields and radiation effects. The effect
of water-based Al,0; and Al,0; —Cu hybrid
nanofluids on forced convection was numerically
analysed by Moghadassi et al.'’. Additionally, the
fluid, energetic performance was assessed by the
authors. Das™ defined the entropy generation property
of Cu—Al,05/Ethylene Glycol hybrid nanofluids
flowing through a rotating channel. Hakim® focused
on the natural convection of a Cu—Al,05 an inclined
enclosure with wavy walls containing a hybrid
nanofluid. Sui et al.?° presented a thorough analysis of
mass transportation and heat in the boundary layer
phenomena using Cattaneo-Christov dual dispersion
in a top-convection Maxwell nanofluids through a
velocity profile stretching sheet.

Gnaneswara et al.”* concentrated on the 2D flows
pertaining to an incompressible hybrid dust-liquid
along with an elongated sheet via a Darcy
Forchheimer channel. The properties of carbon
nanotubes and the Cattaneo—Christov heat flow model
were considered. Rashmi et al.?? have used the
Cattaneo—Christov heat flow model and heat
generation. To analyse the hybrid nanofluids in a
steady state over two distinct geometries, a prototype
with a correlation coefficient and probable error was
developed. In the presence of an inclined magnetic
field, Elshehabey et al.® probed the natural
convection of nanofluids in an oblique L-shaped
cavity in a numerical study containing Cu/water
nanofluids. Rui et al.** looked at how the Lorentz
force affected an air circulation enclosure with a
heated baffle in the center that was filled with a
Cu—Al,05;—H,0 hybrid nanofluid. The vertical
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heating blocks are placed in the centre of the cavity.
Mehryan et al.?® evaluated the natural convection of
Al,05 —Cu water nanofluids in a partially porous
heated chamber. For the porous matrix, two forms of
critical porous media are considered: glass balls and
aluminium metal foam. Suresh et al.?® synthesized the
Al,0;—Cu/water Nanofluid in 2 phases and studied
their thermophysical characteristics. Aladdin et al.?’
looked at the flow of a Cu-Al,05/water hybrid
nanofluids across a permeability progression system
with hydromagnetic and sucking effects. Tahira
et al.®® made an effort to ensure that the flows of
Cu—Al,05/water hybrid nanofluids over a heating
porosity barrier are rotationally symmetrical. Lund
et al.created hybrid nanoparticles consisting of Cu
and Al,05. He also steps forth to investigate the
stability analysis and multiple hybrid nanomaterial
solutions are applied to a contracting surface in the
presence of viscous dissipation. Hamdeh et al.*
carried out a numerical study on heat exchange from
the surface of a solar collector container filled with oil
NEPCM/AL,05 in the superconducting state. Khan
et al®* examined the numerical analysis of the
Cattaneo-Christov heat flow models for viscous flow
caused by a rapidly stretched surface. C.I. Christov®
noted the Maxwell-Cattaneo finite-speed heat
conduction model on a frame-indifferent formulation.
Uma Devi and Anjali Devi** conducted a numerical
study on the 3D hybrid Cu—Al,0;/Water nanofluid
flow of Lorentz force acting on a stretched sheet
influencing  Newtonian  heat  transfer.  Their
investigation showed the heat transmission rate of
hybrid nanofluids (Cu—Al,05/Water) was greater
than that of nanofluids (Cu/Water) in the magnetic
field that was applied. Meena and Pranitha®
investigated the effect of double dispersion saturated
non-Darcy porous media on power-law nanofluids in
mixed convection. Pranitha and Meena® looked at the
Soret and Dufour effects on a vertical cone saturated
porous medium to see how double dispersion affected
natural convection flow. Meena et al.*® investigated
the mixed convection flow over a vertically cone
saturated porous medium with a double dispersion
effect. O.P. Meena® analyzed mixed convection fluid
flow over a vertical cone-saturated porous medium
with double dispersion and injection/suction effects.
The aforementioned literature survey exposes that
the present work has no impact previously achieved
using the same combination. An interest in
numerically exploring hybrid nanofluidic flows

through the Cattaneo-Christov heat flow model. The
impact of Cattaneo-Christov heat flow model on the
mixed convection flow over a porous medium in an
incompressible fluid with a combination of two
nanoparticles is taken into consideration. We aimed
to examine it in this piece of contribution, which
became essential after a deep literature survey. In the
proposed investigation, an extensive mathematical
model is created to probe the thermal performance
effectiveness of Al,0; — Cu — Oil hybrid nanofluid
through an enclosure having a square-shaped
geometry. The furnished work has the cold slits
placed at the top and centre of the right wall, while
the hot slits at the bottom and centre of the left wall
employ an inclined magneto-hydrodynamic effect.
The system is influenced by a porous medium. A
powerful nonlinear system governing structure is
computed numerically using suitable similarity
modifications. The technique encountered in the
present study is the MAC scheme®3. The graphic
results are explained to depict the characteristics of
Al,05/Cu — 0il nanofluid transport processes
utilizing streamlines, isotherms, and local Nusselt
number  distributions. The response surface
methodology study is analysed and the residual plots
are also pictured in the results and discussion
section, which helps to obtain the optimal state of
the parameters that impact the present findings
most.

Mathematical Formulation
The problem configuration

The problem flow is laminar, time-varying, and an
incompressible mixed convection flow over a porous
medium proposing 2D flow in a square shaped
enclosure. The medium is filled with hybrid
nanofluids, which comprise nanoparticles Al,0; — Cu
and oil as the base fluid. Fig. 1 shows the physical
description of the system. Let “L” denote the length
of the square cavity. The hot slits are located in the
horizontal base and center of the vertical left wall,
while the cold slits are placed at the top and center of
the right vertical wall. Gravitational acceleration has
an effect on the vertically descending surface. The
magnetic field of force B, with inclination is
influenced in the horizontal direction. The thermo-
physical characteristics of the base fluids and different
nanoparticles are given in Table 1. The system
is equipped with the Cattaneo-Christov heat
flow model®.
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. . T= Tc . .
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aT - aT
ax - ax
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+ L > X
Fig. 1 — Schematic representation of the system
Table 1 — Thermophysical properties of oil and nanoparticles*
Property Oil Al,03 Cu
p(kgm=3) 640 3970 8,933
Cp(\]kg‘ll(‘1 2132 765 385
k(Wm~1k=1) 0.0733 40 401
Bk 64 x 1075 0.85 x 105 1.67x 1075
a(Q tm™1) 2x107* 1x 10710 5.96 x 107
Pr 4.62 - -
The governing equations 2 2
The major equations that govern fluid behaviour 8\1 +u v +V ﬂ __ Lo " [6_\; + a—q
are presented in the following**2: ot X Y Py OY ox"~ oy
u oV v PP
—+—==0 B () QL v+( J g(T -T,)cos(y)
ox oy K Pt
ou au ov 1 op o’u o )
~ T T ~zt a7 T By
ot ax oy Pint OX ox® oy - .. (3)
Phnt

thf (pﬂ ) hnf

U, aTTasnG) or L AT LT [GZT GZT}
hnf | Ao2 ' A2

—t+U—+V—=
(2 ot OX oy
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Table 2 — Dimensionless requirements

Heat flux Q QoL?
(pcp)bfabf
Prandtl number Pr Yy
ar
Reynolds number Re Ug L
Vs
Grashof number Gr 9B (T — THL?
sz
Hartmann number Ha o
bf
BoL |~
Upr
Darcy parameter Da E
LZ
Richardson number Ri Gr
Re?
Cattaneo Christov heat flux Y, YUy
parameter L
ouoT ovoT 0T L0
UtV U —5+V —+
OX OX oy oy OX oy @
s
o°T ov aT ou oT
2uv +U——+V——
oxoy  oxoy oy oX

Velocity components are denoted by u and v in the
x and y directions, respectively, the temperature of the
fluid is T, time variant of the fluid is t, and the
pressure of the fluid is p. Accordingly,
(pﬂ)hnf, :uhnf, ahnf, phnf, Uhnf' (pcp)hnf these
represents thermal expansion, dynamic viscosity,
thermal diffusivity, density electrical conductivity ,
and heat capacitance of the fluid. Table 2 represents
the dimensionless parameters of the present problem.

The boundary conditions
The enforced boundary conditions of the flow are
listed as follows:

Leftwall x =0,0<y <L, oT L
X Y “ —=0,f0r0<y<z

=v=0 ox
T=T L< <3L
= h,f0T4 y )
aT—O 3L< <1
: SRR
Right x=1, 0<y< _
wall L u=v=0 a—O,for0<y<Z

L 3L
T=T,for Z<y<—

4
or_, . 3L_ .
ox = OJor <Y

Bottom y=0,0<x<L,u
wall =v=0 T=T,for 0<x<L
Topwall y=L0<x<L,u

=v=0 T=T,for 0<x<L

)

Thermophysical properties of hybrid nanofluids*®

Density
Prng = (L — @)ppr + Par,0,Pa1,0, + PcuPeu - (6)

Heat Capacitance
PCnny = (1 = @)(CR)ps + Var,0,(PCh) a1,0,

Pcu(PCp)cu e (7)
Thermal expansion co-efficient

___kany
ahnf N (PCpdnns (8)

Electrical conductivity
Ghns _
O’bf

3 (¢A12030A[zo3+<ﬁcu0'cu)
opf

(941,04 +¢‘cu)>
1+

(¢Al203JAI_203+(pquL-u) 2 - (¢A12030A1203+<Pcu"cu)
Ubf O'bf

(‘PA[ZO3 +<Pcu)>

.. (9)
Effective

Hbf
.. (10
(1—¢A1203)2'5(1—¢cu)2'5 (10)

Effective Thermal conductivity
Fnng _
kbf
<(‘PA1203kA1203+4zcukm)

viscosity =

" + 2kps2 ((pAlzo3kA1203+‘ﬂcukcu) 2‘pkbf> X

-1

((PAZZO3kAl ) +<pcukcu)
<—2 * + 2kpy — (<pA1203kA1203+‘Pcukcu) + @kpy

.. (11)

The foregoing is some non - dimensional entities:

x y u v t*U, p
0 0 prUy
T-T,
g=_1"Tc .. (12)
Th-Tc

The non-dimensional version of the partial
differential Eqs.(PDE) (1) - (4) is illustrated below:
ou v _, .. (13)
X X
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GU +U 8_U +V 8_U - _ Pi 8_P
ot oX oY Pt ) OX
Vie | 1| 0U 20U
+ — >+t —
v, |Re|oX® oY

thf U lBhnf
_[ f JReDa 5 Rigsin(y) ... (14)

FoLVARY: VARV Pi [P [ Vi oV azv
—+U—+V —=— — | —+ —5t
ot X | pw )@ v, JRe| X2 av?

v B P o 2
| hnf |V N hnf Rifcos(y) - f hnf | Ha vV
Vg Re Da ﬂf Phn o Re

.. (15)
0 00 00 || 1 0%0 66’
—+U—+V =+
ot X oY RePr| oX
U 00\ V2O (25 2 00
oX oX oY oY oX aY
e 2
0°0 +U8V 060 Vau 060
OXoY oX oY oY oX
.. (16)

Non — dimensional boundary conditions are:

_ _ knns (00
Nu = =2 (ay)y i ... (18)

Numerical MAC method

The governing equations for non-dimensional
systems i.e. Egs. (13)- (16) have been resolved using
a numerical methodology based on the finite
difference method. The key difference in both the
X and Y axes is that the second derivatives have been
estimated using quotients. The Marker and Cell
(MAC) method is utilized to analyse the discretized
equations that are generated. The parameters U and
V indicate the numerical representations of the
velocity components. In this article, the Brinkman
model“® is employed to determine the viscosity of the
respective hybrid nanofluids. As a preliminary step,
the formula calculates the efficient dynamic viscosity
of the hybrid nanofluids. Use the following notation
to apply a grid meshing method to the center of
the cells:
Ups; = ~(Uie1j + Usy) .. (19)

The subscriptions i and j designate grid positions
among the X and Y axes. Eg. (19) is incorporated
with the momentum equation in the x-direction
portrayal of the Advent period:

Advection term discretization

Left wall X=00<Y a6 1
<1LU=V=0 3x OfOTO<Y<Z
0 =1 1<Y<3
=Lforyg 4
96 =0, 3<Y<1
ax = 0for g
Right X=1,0<Yy 00 1
wall <1,U=V=0 a—O,fOTO<Y<Z
1 3
6 =0, -<Y<-
for 2 2
ov =0, 3<Y<1
X for
Bottom Y=00<X 6=1,for O<X<L
wall <1,U=V=0
Top wall Y=1,0<X 6=0for 0<X<L
<1,U=V=0

. (17)

Nusselt number
The succeeding equation can be used to obtain the
local Nusselt number.

o(UU) _ UU;-UU,
) _ Ut ... (20)
1 2
uu, = (5(01-,]- + Ui+1,j)) - (21)
1 2
00, = (2(Uiesy + Uz)) - (22)
Accordingly,
aUuv) _ Uv;-UV,
) _ ot .. (23)
Here,
1 1
UVy =2 (Uyj+ Upjar)-5 (Vi + Vie j) - (24)

UV2 = %(Ul,j + Uirj_l).%(Vi,j_l + Vi+1,j—1) (25)

For the second-order differential equation, the
preceding central difference formula is used:

VZU—a— o°u .. (26)

X2 ay?
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=2Uij+Uiy1; | Uij—1—2U;;+U; 541

U._ .
277 — Zi-1)
vy ING AY?

.. @27

Replacing Eq. (17) into the y-direction momentum
equation Eq. (14) yields:

Advection term
avu) _ VU;-VU,

X v ... (28)
This method employs the following notations:
1 1
UVl :E(Ui.]"f‘l +U1J)E(Vl'] +Vi+1,j) (29)

UVy =3 (Uim1a1 + Uimay)5 (Vg +Viery) - (30)

AWY) _ VYV —VV,

) _ v 2 . (31)
1
V= (3 (Vg + 7)) .. (32)
2
1
Vv, = (5 (Vijr + vi,j)) . (33)

The numerical model of the Laplacian operator is
given by the central difference.

2 2
277 24V 04V
VeV = %2 T3z ... (34)
V2V = Vie1j=2Vij+Viyr; | Vij—1=2Vij+Viin (35)
AX? AY?

The following is the discretization strategy for the
X-momentum equation for the next time level (U™*1)
is as follows:

Un+1 —

um +
ou U 1 (0%U @ o0°U 1
dt{—(Ua—x+Va—y)+ﬁ(m+m—D—aU)+

RiGsin(y) ... (36)

The discretization approach for the Y-momentum
equation for the next time level (V"*1)must be
somewhat altered with the inclusion of a new term,
and takes the form:

Vn+1=
v 1% 1 [8%v 8%y 1
—(U5+V5)+g(m+m—av)

n 2
Ve +at —%V + Ri 6 cos(y)

... (37)

Before being employed in the previous equation,
the temperature (6) is co-located with velocity to
account for the staggered grid. The Poisson pressure

Pirmohammadi et al. [47] Sarris et al. [48]

Present study

Fig. 2 — Comparison of streamline contours for Ha=25;
Da=0.001; Re=2;Ri=1; y = 30"; y, = 0.02

equation is used to derive U and V after projecting
Un+1 and Vn+1.

vZ

—U=V2p

) ... (38)

For the following time level (6™*1), the
temperature equation can be discretized as follows:
o + (UL 4y ZD g2 2l 2 gy 2Oy LYy D

ax ax v oy ax? a2 axar ax v oy ax

... (39)

Fig. 2 shows the comparison results of streamlines
for a fixed Ha value with varying parameters. The

accuracy of the findings compared with
Pirmohammadi et al.*’ and Sarris et al. *® available
details illustrated in the figure. The overall

comparison result shows a high level of agreement.
The present study is validated using the MAC
algorithm code, which indicates that the study is more
appropriate with the existing results.

Results and Discussion

In the foregoing work, the numerical MAC method
is used to analyse the magnetic hybrid nanofluids in
the presence of Al,05/Cu — Oil in a saturated porous
medium with a square cavity influenced by the
Cattaneo-Christov heat flow parameter. The effect of
heat transmission on various pertinent parameters is
discussed in this section. With the exception of
differences between the figures, all such values are
presumed to remain fixed throughout the
computation. Pr=462; Re=2; Ri=1; Da=
0.001; y =30°; y, = 0.02; Ha =10 respectively.
For different values of the involved parameters, such
as Darcy number (Da), Hartmann number (Ha),
Richardson number (Ri), Magnetic field inclination
(y), Reynolds number (Re), and Prandtl number
(Pr).The numerical results obtained are distinguished
by typical streamlines, isotherms, local Nusselt
numbers, and average Nusselt numbers.
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Fig. 3 — Streamlines (top) and isotherms (bottom) for fixed values of Re = 2,Ri = 1, Ha = 10,y = 30°,y, = 0.02 varying (l) Da =

0.001, (I) Da = 0.01 and (I11) Da = 0.1

Effects of the Darcy parameter

Fig. 3 depicts the various Darcy numbers effects
on the streamlines. Increasing the Darcy number
implies that the medium becomes more porous, the
fluid permeability of the porous layer increases, and
flow through the porous layer experiences little
resistance. In some other way, by reducing the
Darcy number, the flow through the porous layer
experiences little resistance, as shown in Fig. 3a.
The velocity is significantly affected by increasing
the Da from 0.001 to 0.1. We noticed that the
greater value of Da, the faster the streamlines flow
in a clockwise direction. Fig. 3(b) depicts the
isotherm effect at various Darcy numbers. Fluid
velocity increases as the Darcy number increases,
causing the square cavity temperature to rise. This
is due to increasing the permeability Da of the
medium, resulting in more free space for nanofluid
recirculation and thus a higher velocity.

Effects of Hartmann Number

Fig. 4 illustrates three different Hartmann number
effects on streamlines and isotherms in the case of
mixed convection (Ri=1). When the magnetic field
Ha=10 in Fig. 4a, the streamline occurs at the core
regions of the cavity. Because the magnetic field
strength increases to Ha = 25 and Ha = 50, the
circulation of the flow decreases, the fluid slows
down, and the streamlines appear stretched, which
indicate the decrease in fluid flow in the cavity when
the magnetic field increases.

A magnetic field causes a Lorentz force to be
generated in the opposite direction of flow. In Fig. 4b,
the increase in the Hartmann number clearly shows that
the changes in the isotherms are marginal. The hot
profiles are created at the lower diagonal, whereas the
cold profiles are generated at the upper diagonal of the
isotherm contours. Hence the Hartmann number
significantly affects the isotherms, with the same effect.
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Figure (a)
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Fig. 4 — Streamlines(top) and isotherms(bottom) for fixed values of Re = 2,Ri = 1, Da = 0.001,y = 30°,y, = 0.02 varying(l) Ha =
10(1) Ha = 25 (1) Ha = 50

Figure (a)
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Fig. 5 — Streamlines(top) and isotherms(bottom) for fixed values of Re = 2,Ha = 10, Da = 0.001,y = 30°,y, = 0.02 varying

() Ri = 0.1(11) Ri = 1 (1) Ri = 10

Effects of Richardson Number mixed convection dominates. On the other hand,
The operating flow regime is being researched by  Ri > 10 corresponds to strong free convection. These

varying the values of the key dominating parameter,  Vvariations, and the results for varying Ri (0.1, 1, and

the Richardson number. For small Ri (Ri < 0.1), 100), are shown in Fig. 5 to visualize the combined

forced convection takes precedence, and for Ri = 1,  effects of streamlines (top) and isotherms (bottom).
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Fig. 5(a) shows how sensitive the streamline
pattern is to changes in the Richardson number
(Ri).From streamlined contours, there exists a cell that
circulates clockwise in the centre which shows an
increasing value from the centre. As the Ri values are
raised for Ri=1 and Ri=10, there will be noticeable
changes in the lines as well as the values. According
to isotherms, hot diagonal regions are generated at the
lower diagonal and then cold regions at the upper
diagonals.

Effects of Magnetic field angle

The impact of changing the gradient angle of the
magnetic field on the flow of streamlines and
isotherms is shown in Fig. 6 for three inclination
angles (30°,45°,607). For y =30" the single
circulation of streamlines (Fig. 6a) encountered
almost throughout the entire cavity, while increasing
the inclination, ¥ = 45" there will be a noticeable
change in contours, and the primary cell moves

723

towards the top left corner. As y increases to 60° the
circulation patterns are seen in the counter-clockwise
direction. The dilatant fluid exhibits a stronger
rotational effect while increasing the inclination.
According to isotherms, however, they are mostly
unaffected by a rise in the magnetic field inclination.
But at the centre of the cavity, heat is transferred to
the hot region, and the remaining region of the cavity
is transferred by cold region.

Effects of Reynolds number

Fig. 7 shows the influence of the Reynolds number
on streamlines and isotherms. When Re=2, the
streamlines (Fig. 7a) of fluid flow occupy almost the
entire domain and change to a circular shape, and the
central region radiates cold. Raising the Reynolds
number values for Re=5 and Re=10 the coefficient of
heat transfer of fluid increases and enables the fluid
flow to spread faster, which generates a hotter region
with elongated streamlines. Fig. 7b shows the

Figure (a)

1 0 02 04

06 08 1

1) (1)

Figure (b)

0 02 04 06 08 1 0 02 04
X

@

06 08 1 0 02 04 06 08 1
X

1y 1)

Fig. 6 — Streamlines(top) and isotherms(bottom) for fixed values of Re = 2,Ha = 10, Da = 0.001,Ri = 1,y, = 0.02 varying (I) y =

30° (1) y = 45°and (I1l) y = 60°
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Figure (a)

@ (1)

Figure (b)

@

04 06 08
X

(1)

Fig. 7 — Streamlines(top) and isotherms(bottom) for fixed values of Ri = 1,Ha = 10, Da = 0.001,y = 30°,y, = 0.02 varying

(DRe =2,(ll)Re =5 and (lll) Re = 10

corresponding isotherm plots. The figure clearly
shows that the Reynolds number has a significant
effect on isotherms at various convection regimes.
When Re=2, the heat transformation took place in the
lower diagonal, and when increasing the Re values
(Re=5 & 10) the heat transforms more efficiently
towards the upper diagonal and the top right corner
the cold eddies started spreading.

Effects of Nusselt Number

The characteristics of various parameters on local
Nusselt profiles are shown in Fig. 8. For a variety of
Darcy numbers. Fig. 8a depicts the local Nusselt
number profiles along the heated wall in the square
cavity filled withAl,05/Cu — Oil.lt can be seen that
as the Darcy number rises, so do the local Nusselt
numerical values. The impact of two different
nanoparticle (Al,03/Cu)volume fractions at various
levels is depicted in Fig. 8b. The high Nusselt number
attains its maximum volume fraction level

furthermore it increases at the maximizing level. The
local Nusselt number profiles are shown in Fig. 8c for
the Richardson number for various values. As the
Richardson number rises, so does the local Nusselt
number. Also, by raising all Ri values, the Nusselt
number also increases and they coincide as depicted
in the figure.

Results of Response Surface Methodology (RSM) and
Optimization

The RSM is among the most useful tools for
examining the effects of multiple variables and factors
when they have an impact on the response variable.
The RSM is an effective testing design for analysing
the concurrent effects of multiple variables because it
requires the least amount of resources and quantitative
data. An empirical relationship between the response
variables can be developed using the RSM. The
characteristics of the response variables are predicted
and optimized using this empirical relationship.
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Fig. 8 — The local Nusselt profiles for different parameters: (a) Darcy number(Da) (b)Volume fraction (¢) and (c) Richardson number (Ri)

Table 3 — The RSM key parameters, their symbols, and their levels

Key factors Symbols Levels
-1 0 1
(Low) (Medium) (High)

Da X1 0.001 0.01 0.1

@ X, 0.01 0.03 0.05

Ha X5 10 25 50

Table 4 — Heat transfer rate (Nu,,,4) experimental design and responses
Order Coded Values Real Values AvNu
X1 X, X3 Da ® Ha

1 -1 -1 -1 0.001 0.01 10 1.06653298763627
2 1 -1 -1 0.1 0.01 10 1.06838692005102
3 -1 1 -1 0.001 0.05 10 1.23035096290127
4 1 1 -1 0.1 0.05 10 1.23208057555806
5 -1 -1 1 0.001 0.01 50 1.06639347881466
6 1 -1 1 0.1 0.01 50 1.06648600324029
7 -1 1 1 0.001 0.05 50 1.06639347881466
8 1 1 1 0.1 0.05 50 1.23030664482191
9 -1 0 0 0.001 0.03 25 1.14641987509095
10 1 0 0 0.1 0.03 25 1.14689986253511
11 0 -1 0 0.01 0.01 25 1.14677967526593
12 0 1 0 0.01 0.05 25 1.23065027247192
13 0 0 -1 0.01 0.03 10 1.14742599938471
14 0 0 1 0.01 0.03 50 1.14641041611618
15 0 0 0 0.01 0.03 25 1.14677967526593
16 0 0 0 0.01 0.03 25 1.14677967526593
17 0 0 0 0.01 0.03 25 1.14677967526593
18 0 0 0 0.01 0.03 25 1.14677967526593
19 0 0 0 0.01 0.03 25 1.14677967526593
20 0 0 0 0.01 0.03 25 1.14677967526593

Additionally, by examining the interactive effects of
key parameters on the response variable, the key
parameters can be set to optimal values. Additional
details provide more information on this technique®>.

Test methodology

The response surface method helps to obtain the
optimal state of the parameters that have the greatest
impact on the findings. The ongoing RSM model looks

into the combined effects of Darcy number (0.001 <
Da < 0.1), nanoparticle volume fraction (0.01 < ¢ <
0.05) and Hartmann number (10 < Ha <50) on
Al,05 — Cu — 0il hybrid nanofluid inside the square
cavity. The different combinations are used to build a
statistical table. The Darcy number (Da), nanoparticle
volume fraction (¢), and Hartmann number (Ha)
parameters are combined to create a statistical table. To
find the best values for these variables in order to
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Table 5 — ANOVA for Quadratic model of (Nu4,,4)

Source Deg. Adj. Sum of Adj. F Value P Value
of Freedom Squares Mean Square
Model 9 0.052446 0.005827 7.69 0.002
Linear 3 0.040084 0.013361 17.63 0.000
Da 1 0.003072 0.003072 4.05 0.072
© 1 0.034940 0.034940 46.09 0.000
Ha 1 0.002028 0.002028 2.68 0.133
Square 3 0.005214 0.001738 2.29 0.140
Da*Da 1 0.002758 0.002758 3.64 0.086
© > 1 0.000978 0.000978 1.29 0.282
Ha*Ha 1 0.000714 0.000714 0.94 0.355
2-way interaction 3 0.009248 0.003083 4.07 0.040
Da*¢ 1 0.004219 0.004219 5.57 0.040
Da*Ha 1 0.002028 0.002028 2.68 0.133
¢ *Ha 1 0.003274 0.003274 4.32 0.064
Error 10 0.007581 0.000758
Lack-of-Fit 5 0.007581 0.001516 * *
Pure Error 5 0.000000 0.000000
Total 19 0.060027
R?=99.98%

maximize heat transfer rate, consider the three
previously mentioned essential components at the
following levels: low (1), medium (0), and high (+1).
The primary elements, their codes, and their levels are
listed in Table 3. According to the formula 2¥ + 2R +
F, this design has 20 runs, as shown in Table 4.

Accuracy of the model

The accuracy of the RSM model is evaluated using
the following ANOVA table. When the value of p is
less than 0.05 (taking into account the 95% level of
significance), a parameter is generally considered
statistically significant. The statistical significance is
established when the p-value for the model is less
than 0.05, as shown in Table 5, which accounts for the
95% level of significance.

The linear term Ha, the square terms ¢ * ¢ and
Ha* Ha also the interaction term Da*Ha are
negligible in the framework due to their
insignificance. The accuracy of the model for the
selected range of parameters is supported by the fact
that the determination coefficients for both models are
also high (99.98% and 99.97%, respectively). It is
also used to evaluate how accurate the models are.
The model is a perfect match because of the strong fit
R?=99.98%.

The accuracy of the model can be evaluated using
the residual plots (Fig. 9). The histogram bell-shaped
appearance and the fact that the data points are
arranged in a straight line indicate that the residuals
follow a normal distribution. The residual-versus-
fitted plot demonstrates that the largest deviation of

the model is nearly 0.015. These plots show how
accurate the model is for the given parameter range.

Statistical interpretations

Regarding the un-coded parameters (Da, and Ha),
the quadratic functional form of the regression
coefficient for Table 6 is as follows:
Nu,,=1.0537 + 3.55Da + 0.58 ¢+ 0.00263 Ha -

42.6 Da*Da + 47.2 ¢*¢
- 0.000043 Ha*Ha + 21.80 Da*¢+
0.01501 Da*Ha - 0.0503 ¢*Ha

... (40)

The outcomes of this functional application of the
typical Nusselt number are as follows. According to
the regression coefficient results (Table 6), Da, ¢ and
Ha are positively correlated, indicating that raising
these parameters causes a decline in Nugy .

The interaction between Da, ¢ and Ha on mean
heat transfer rate Nug,gis shown in Fig. 10. The
influence of the other two parameters is examined in
contours and surface plots by holding the third
parameter constant (at the medium level). Fig. 10a
depicts the outcome of Da when Ha is frozen. The
upper left corner has the highest heat transfer
coefficient when Da is maximum and Da is minimum.
Fig. 10b illustrates how ¢ and Ha interact when Da is
frozen. When Ha is at its maximum and Da is at its
lowest, the right corner experiences the greatest heat
transfer. The interaction effect of Ha and Da when
@ is frozen is shown in Fig. 10c.The greatest heat
transfer occurs at the middle values of Da and Ha.
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Fig. 9 — Residual plots for Nug,,,
Table 6 — Sensitivity values for all critical factor levels
Order X, X, X3 ONugyg ONUgpg ONUgpg
aX, 0X, 0X;
1 0 -1 -1 3.06610 1.2390 0.0031371
2 0 -1 0 3.29125 0.4845 0.0044271
3 0 -1 1 3.66650 -0.7730 0.0065771
4 0 0 -1 3.50210 3.1270 0.0021311
5 0 0 0 3.72725 2.3725 0.0034211
6 0 0 1 4.10250 1.1150 0.0055711
7 0 1 -1 3.93810 5.0150 0.0011251
8 0 1 0 4.16325 4.2605 0.0024151
9 0 1 1 4.53850 3.0030 0.0045651

Sensitivity analysis

In this section, the sensitivity of the heat
transmission rate is estimated. The evolution of the
response variable as the pertinent parameters are
increased is described in detail by the sensitivity
analysis. The derivative of the average heat transfer
coefficient from the input parameters is calculated in
order to examine how sensitive the mean heat transfer
coefficient (Nug,g4) is to the input parameters Da, ¢

and Ha.A positive correlation implies a positive
sensitivity. The quadratic model is partially
differentiated with respect to the required task in order to
obtain the sensitivity function. The derived form of
Eq. (40) for the input parameters is as follows:

ONugyg
oDa

=3.550-85.20X, +21.80X, +0.01501X, ... (41)
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~ 29 _ 0.58+21.80X, +94.40X, —0.0503X,, --- (42)
¢
oN
T8 _ 6 00263 + 0.01501, - 0,003, +0.000086X, - (43)
oHa

The afore mentioned Egs. (41-43) relate the input
parameters to the mean heat transfer rate. When the
objective function increases as the input parameters
increase, a positive sensitivity value is obtained.

Table 6 summarizes the result of the Nug,,
sensitivity values for the important components at all
levels. It can be seen that the sensitivities of all
parameters are positive. To say it another way, the
increase in these parameters resulted in an
improvement in (Nug,g).

The sensitivity of the response to the variable
increases with increasing the bar graph height. The
positive sensitivity will result, and vice versa, if an
increase in one variable causes an increase in the
other. Using bar charts, Fig. 11 illustrates the
sensitivity of the mean heat transfer rate. The
sensitivity values offer details for correlating the
effects of a parameter increment. In order to conclude,
the sensitivity of the response to the variable increases
with increasing bar graph height. As can be seen in

Fig. 11, (Nugyg) is most enhanced by the change in
@. (highest sensitivity).The responses have decreased
and improved as shown by the negative and positive
bar charts. Fig.1la demonstrates that the mean
Nusselt number sensitivity changes to the positive
Darcy parameter (Da=0.01) is present with a volume
fraction (¢ =0.01) other than there is a reduction in
volume fraction when for Ha ranging from 10 to 50.
Fig.11b demonstrates that the sensitivity of mean
Nusselt number decreases for Ha values between
10 and 50 when the Darcy parameter (Da=0.01) and
the volume fraction (@) are both set to 3%.The
sensitivity of mean Nusselt number to changes in Ha
is shown in Fig. 11c when the volume fraction
(¢=0.05) and Darcy parameter (Da=0.01) are frozen
at their midpoint values. The sensitivities to B and C
lead to an increase in (Nugyg).

The following outcomes arise from increasing the
key factor levels:

e The maximum heat transfer rate obtained
from the statistical experiment is 1.3322 by fixing
Ha=11.2121, Da=0.0560 and ¢ =0.05.

e The minimum heat transfer rate obtained
from the statistical experiment is 1.0472 by fixing
Ha=10, Da=0.10 and ¢ =0.01.
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Conclusion

The Al,05/Cu—0il hybrid nanofluid is
investigated for its effects in the presence of, mixed
convection inside a square cavity with complex
boundary conditions. The governing equations are
reduced to dimensionless form before being
numerically resolved using the finite difference MAC
technique. The current study seeks to address the
framework with the heat flux model Cattaneo-
Christov in a lid-driven, porous cavity. Several
parameters like Richardson number (Ri), Reynolds
number (Re), nanoparticle volume fraction (¢), and
magnetic field angel (y) are discussed through
streamlines, isotherms, and average and local Nusselt
numbers. The following are the most important
observations are summarized:

«» Increasing the Darcy number (Da) value
implies an increase in the fluid permeability.

« Itis noticed that when the magnetic field (Ha)
strengthens, the fluid flow decreases due to decrease
in thermal conductivity.

+« If the Richardson number Ri < 1, buoyancy
has no effect on the flow. IfRi > 1 , buoyancy takes
precedence (in the sense that the kinetic energy there
is insufficient to homogenize the fluids).

« If the Richardson number Ri = 1, the flow is
almost certainly buoyancy-driven: the energy of the
flow is derived from the potential energy in the
system.

% As the Reynolds number (Re) increases, so
does the heat conductivity and thus the fluid flow in
the system.

« According to the current model, the Al,05/
Cu — 0il nanofluid has higher heat transfer.

¢ When the Hartmann number is increased, the
average Nusselt number decreases.
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