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Abstract

In this paper, the necessary condition for the Product intuitionistic fuzzy graph to be balanced is given. Some properties
and results on the balancing of the regular and product intuitionistic fuzzy graphs are established.
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1. Introduction

Intuitionistic fuzzy graphs were introduced by Krassimir T.
Atanassov and the operations on intuitionistic fuzzy
graphs were defined by Parvathi and Karunambigai in
[6]. Balanced intuitionistic fuzzy graphs based on density
function were introduced by Karunambigai et al. [3] who
analysed the results on direct product, semi strong prod-
uct and strong product of two intuitionistic fuzzy graphs.
Articles [1], [3], [4], [5] motivated us to analyze balanced
IFGs and their properties.

This paper deals with the significant properties of
balanced intuitionistic fuzzy graphs. The basic definitions
and theorem needed are discussed in section 2. Balancing
of regular intuitionistic fuzzy graphs and product
intuitionistic fuzzy graphs are discussed in section 3.

2. Preliminaries

2.1 DEFINITION [5]

An intuitionistic fuzzy graph is of the form G = (V, E)
where

*Author for correspondence

(i) V={v, Y, e v }such that u, :V —[0,1]and y,:V —
[0,1], denotes the degree of membership and non-
membership of the element v, € Vrespectively and
0<su(v)+y,(v)<1, Vv, eV,

(ii) ECV XV where i, : VXV —[0,1] and 7,:V XV =
[0,1] are such that u,(v,, v;) <min (g, (v,), i, (v;)) and
Y, v, vj) <max (y, v,), 7, (vj)), denotes the degree
of membership and non-membership of an edge
(v, v].) € E respectively, where, 0< pu, (v, vj) +
Y, (v, v;) <1, forevery (v, v;) € E.

2.2 DEFINITION [5]

AnIFG, H= (V’, E’) is said to be an IF subgraph (IFSG) of
the IFG, G=(V,E)if V' cV and E’ C E. In other words,
if p, =, v =y, and Uy =, V2=V for every
j=1,2,...n

2.3 DEFINITION [6]

An IFG, G = (V, E) is said to be complete IFG if u,; =
min (4, i) and ¥,; =max (y,;,7,;) for every v,,v, €V
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2.4 DEFINITION [6]

An IFG, G = (V, E) is said to be strong IFG if

'u2ij =min (;LLli’nulj) and Vzij = max (7/217, 'J/U) for every
(vi,v,)€E.

2.5 DEFINITION [6]

The complement of an IFG, G= (V, E) isan IFG, G=(V,E),
where

o v=v,
(i) H,=M,and ¥,;=7yforalli=1,2,..,n
(iii) .HZij =min (4, lulj)_:ub'j and

Vo =max (¥, 7,,)— ¥y forall i j=1,2,...,n

2.6 DEFINITION [3]

The density of an intuitionistic fuzzy graph G = (V, E) is
D(G)=(D, (G), D, (G)) where

p -density D, (G) is defined by

23 (1 (1))
D,(G)= y (ﬂl () A 4, (v))’ for u,veV and

(u,v)eE
y -density D, (G) is defined by
2% (r,wv))

u,veV

X n@vy, ()

(u,v)eE

D, (G)= foru,veV.
2.7 DEFINITION [3]

An intuitionistic fuzzy graph G = (V, E) is balanced if
D(H) < D(G), thatis, D, (H)< D, (G), D, (H)< Dy (G)
for all subgraphs H of G.

2.8 EXAMPLE

Let G = (V, E) be an intuitionistic fuzzy graph

u -density
0.12+0.12+0.08 +0.08 +0.12+0.08
+0.16+0.08
D, (G)=2 =0.8
" 0.3+0.3+0.2+0.2+0.2+0.3+0.4+0.2
y -density

0.51+0.51+0.425+0.425+0.425

+0.51+0.51+0.425
D, (G)=2 =17
v 0.64+0.6+0.5+0.5+0.5+0.6+0.6+0.5

D (G)=(D, (G), D, (G))=(0.8,1.7)
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In Figure 1, for all subgraphs of an IFG G: (i, v, V, E)
are H,: (TH'i8 Vi, E), H,: (TR V,,Ey), H3(,u’”> v V. E;)
such that V,={v,v,}, E ={(v,,v,)}, V,={v,,v,,v,}
E,= {(Vz’ V3)> (Va’ V4)’ (Vz’ V4)}’ V,= {VI,VZ,V3,V4,V5},
E, ={} be a non empty subgraphs of G.

Density (DM(H), D, (H))isD (H,) = (0.8,1.7), D (H,)
= (0.8,1.7), D (H,) = (0, 0)

Similarly, D (H)<D (G) for all subgraphs H of G.
Hence G is balanced IFG.

2.9 DEFINITION [2]

The neighbour degree of vertex is defined as
dy (v)=(dy, (v),dy, (v)) whered,, (v) =%y, 4, (W)and
dNy (V) = Z weN (v) ,)/1 (W)

2.10 DEFINITION [2]

The closed neighbour degree of vertex v is defined as
dy[v]= (dNu [v]. dy, [v]) where dy, [vV]=X v 1 (W) +
M, (v) and dy, W]=2 vy VLW +7,(0).

2.11 DEFINITION [2]

The minimum closed neighbour degree is defined as
6, [G]= (6Ny [G]. 6y, [G]) where o, [G]=nAd,, [v]:veV
and dy,[G]=Ad,, [v]:veV.

2.12 DEFINITION [2]

The maximum closed neighbour degree is defined as
Ay[G]=(Ay,[G], Ay [G]) where Ay [G]=Vd, [v]:veV
and Ay, [G]=Vd [v]:veV.

2.13 DEFINITION [2]

An intuitionistic fuzzy graph G = (V, E) is said to be
regular IFG if all the vertices have the same closed neigh-
bour degree. (ie) 5N,t [G]=A,,[G] and 5N7[G]=AN7 [G]
(See Figure 2).

107,02 @iz es5p Y2003, 0.6
&3
& )
= 3 2 0
[ - Y
g NS = 2
& B - Y, (0.6, 0.9)
s|. v > S 49
= 2 2 (0'05’ 0.
V504, 0.5  (0.08,0.425) v 0.2, 0.5

Figure 1. Balanced intuitionistic fuzzy graph.
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Figure 2. Regular IFG and its complement.

2.14 DEFINITION [4]

An intuitionistic fuzzy graph (G = (V, E) is said to
product IFG if ,UZ(V,-,Vj)ﬁ(#l(Vl)‘.Ul(Vj)) and yz(vi, vj)
<y,(v)- yl(vj), for every (v;,v;) € E.

2.15 DEFINITION [4]

A product intuitionistic fuzzy graph G = (V, E) is said to
complete product IFG if t,(v;,v;)=(1,(v,)-4,(v;)) and
7,(v,v)=(1,(v,) 7,(v))), for every v,,v, €V.

2.16 DEFINITION [4]

A product intuitionistic fuzzy graph G = (V, E) is said
to strong product IFG if ,(v,v;)=u,(v,)-t,(v;) and
Y, (v,v)=(7,(v)-7,(v))), for every (v,v;)€E.

2.17 DEFINITION [4]

A product intuitionistic fuzzy graph G = (V, E) is said to
complement product IFG if G=(V, E), where

i v=v,
(i) M;=pM,and ¥, =7y,,foralli=1,2,..n
(iii) ‘HZij = (uy, '.ulj)_:uzij and

Vai = (- 9,) — v,y forallij=1,2,..n

2.18 THEOREM [3]

Every complete intuitionistic fuzzy graph is balanced.

2.19 COROLLARY [3]

Every strong IFG is balanced.

3. Properties of Balanced IFG

3.1 DEFINITION

The density of a product intuitionistic fuzzy graph G = (V, E)
isD (G) = D#(G), Dy(G), where D, (G) is defined by
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2 > (u,(u,v)

u,vev
S (@)’ for u,veV and
(u,v)eE
D, (G) is defined by
2 Y (y,(u,v))

u,veV

ICAOR AN

(u,v)eE

D,(G)=

D,(G)= for u,veV.

3.2 DEFINITION

A product intuitionistic fuzzy graph G = (V, E) is balanced
it D(H)<D(G), thatis, D,(H)<D,(G),D,(H)<D,(G)
for all sub graphs H of G.

3.3 EXAMPLE

Consider G = (V, E) be an intuitionistic fuzzy graph as in
Figure 3.

0.24+0.16+0.1+0.15+0.4)_2

-density D (G =2(
¥ ¥ D,(©) 0.244+0.164+0.1+0.15+0.4

0.12+0.16+0.32+O.24+0.08)_2

-density D_(G =2(
Y v 7( ) 0.12+0.16+0.32+0.24+0.08

D(G)=(D,(G), D, (G)=(2,2)

3.4 DEFINITION

A product intuitionistic fuzzy graph G = (V, E) is said to
be regular product IFG if all the vertices have the same
closed neighbour degree. (ie) 5N# [G]= Ay, [G] and
5y, [G1= A, [G].

3.5 THEOREM
Every regular IFG is balanced.
PROOF:

Every regular IFG is a strong IFG then by Corollary 2.19,
every regular IFG is balanced.

vy (0.3,0.6) (6.24,0.12) ¥, (0.3,0.2)
oY
(0.15,0.24) o (0.16,0.16)
v.(0.5, 0.4) v, (0.2,0.8
1 (0.10,0.32) Lt
G

Figure 3. Product intuitionistic fuzzy graph.
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3.6 THEOREM

The complement of a regular IFG is balanced.

PRrROOEF:
Let G =(V, E) bearegular IFGand G =(V, E) be its com-
plement.
Since G is regular, u,(u,v)=, (u) A, (v) and 7,4, v)=
Y vy,(v) > Q) forevery (u,v)€E.

In G, mzul(u)/\ul(v)—yz(u, v)and W=
18V 7, () =7, (1, 7).

Since G is regular, by (1) we have ,(u,v)=0and
v, (u,v)=0 forevery (u,v) € E and m = W) A ()
and mz () v7y,(v) for every (u,v)eE =G isa

strong IFG.
Then by Corollary 2.19, G balanced.

3.7 THEOREM

Every complete product intuitionistic fuzzy graph is bal-
anced.

PROOF:
Let G=(V, E) be a complete product IFG, then by the
definition of complete product IFG, we have

W, (u,v) =, (u)- 1, (v)and y, (u, v) =y, (u) - 7,(v), for every

u,veV.

Zv(luz(u’ V)):( > (“1(“)#1(1’)) and

u,ve u,v)eE
ZV(%(% V))=( Z)E(}’l(u)'%(V))
NOW 0 () 2 ()
D (G) — u,veV i u,veV
(u%d(,ul(u)#l(V)) (ugeE(J/l(u)-}’l(V))
2 (W u») X (r,w-y,()
D (G) — 2 u,veV , u,veV
( glfuxu)AAOO)( ;ljyxuyyxvn
D (G) =(2,2)
Let H be a non empty subgraph of G then, D (H) = (2, 2)
for every H c G.
Thus G is balanced.

3.8 COROLLARY
A necessary condition for the product intuitionistic fuzzy
graph is balanced if it is strong.
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3.9 NOTE

The converse of the above corollary is need not be true.
Every balanced product intuitionistic fuzzy graph need
not be strong.

3.10 EXAMPLE

Let G = (V, E) be a product intuitionistic fuzzy graph

U -density
0.13+0.13+0.104 + 0.104 + 0.052
D,(G)=2
0.2+0.2+0.16+0.16 +0.08 + 0.08
+0.052+0.039+0.0975 +0.078
+0.06+0.15+0.12 -
Y -density
0.108+0.108 +0.135+0.135+0.189
D,(G)=2
0.24+0.24+0.3+0.3+0.42+0.35

+0.1575+0.189+0.108 + 0.162
+0.42+0.24 +0.36

D(G)=(D,(G), D, (G))=(1.3,0.9)

In Figure 4, For all subgraphs H of a PIFG G,
D(H)<D(G). So G is balanced product IFG. From the
above graph easy to see that:

1,y v) 2 (1, (), (v, and 7, (v, v) % (7, (v) - 7, (v, ),
(v;,v;) € E. Hence G is balanced product intuitionistic
fuzzy graph but not strong.

3.11 THEOREM

A complement of a strong product intuitionistic fuzzy
graph is balanced.

PRrOOEF:

Let G = (V, E) be a strong product IFG and G = (V, E) be
its complement.

v, (0.4,0.6) (0.13,0.108)

T 3 ¥, (0.5,0.4)
2 {3”-1 9""’“‘
S & oL §
S| yo(0.2,0. v (0.3, 0.6 |2
¥ S TTTTINTT Candend
g / 7z 3
s 3 “ e
&% >
o 0
@ v/
V§(0.4,0.5) (0.104, 0.133) ¥;(0.4,0.6)

Figure 4. Product intuitionistic fuzzy graph.
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Since G is strong, i, (u,v)=p,(u) -1, (v) and y,(u,v)=
¥, (w)-y,(v) > (1) for every (u,v) € E.

In G, f,(u,v) =, () 1, ()~ p, (u,v) and y,(u,v) =
'}/1(14) ‘T (v)— 72(% V).

Since G is strong, by (1) we have ,(u,v)=0 and
¥, (u,v) =0 for every (u,v) € E and u, (u,v) =, (1) 1, (v)
and y,(u,v)=7,(u)-y,(v) for every (u,v)e E =Gisa
strong product IFG.

Then by Corollary 3.8, G is balanced.

3.12 THEOREM
Every complete product IFG is a regular product IFG.

ProoFEF:

Let G = (V, E) be a complete product IFG then by defini-
tion, the closed neighbour u degree of each vertex is the
sum of the membership values of the vertices and itself and
the closed neighbour 7 degree of each vertex is the sum of
the nonmembership values of the vertices and itself.
Therefore all the vertices will have the same closed neigh-
bour u degree and closed neighbour? degree. This implies
minimum closed neighbour degree is equal to maximum
closed neighbour degree (ie) 6N ([G]=AN,[G] and
ON,[G]=AN,[G]. This implies G is a regular product IFG.
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